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THE LERCH ZETA FUNCTION AND THE HEISENBERG GROUP
JEFFREY C. LAGARIAS
Abstract. This paper gives a representation-theoretic interpretation of the Lerch zeta
function and related Lerch L-functions twisted by Dirichlet characters. These functions
are associated to a four-dimensional solvable real Lie group HJ , called here the sub-
Jacobi group, which is a semi-direct product of GL(1,R) with the Heisenberg group
H(R). The Heisenberg group action on L2-functions on the Heisenberg nilmanifold
H(Z)\H(R) decomposes as
⊕
N∈ZHN , where each space HN (N 6= 0) consists of
|N | copies of an irreducible infinite-dimensional representation of H(R) with central
character e2πiNz. The paper shows that show one can further decompose HN (N 6= 0)
into irreducible H(R)-modules HN,d(χ) indexed by Dirichlet characters (mod d) for
d | N , each of which carries an irreducible HJ -action. On each HN,d(χ) there is an
action of certain two-variable Hecke operators {Tm : m ≥ 1}; these Hecke operators
have a natural global definition on all of L2(H(Z)\H(R)), including the space of one-
dimensional representations H0. For HN,d(χ) with N 6= 0 suitable Lerch L-functions
on the critical line 1
2
+ it form a complete family of generalized eigenfunctions (purely
continuous spectrum) for a certain linear partial differential operator ∆L. These Lerch
L-functions are also simultaneous eigenfunctions for all two-variable Hecke operators
Tm and their adjoints T
∗
m, provided (m,N/d) = 1. Lerch L-functions are characterized
by this Hecke eigenfunction property.
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1. Introduction
The Lerch zeta function is defined by
ζ(s, a, c) =
∞∑
n=0
e2πina(n+ c)−s . (1.1)
It is named after M. Lerch [41], who in 1887 derived a three term functional equation
that it satisfies. The parameter value a = 0 reduces to the Hurwitz zeta function, and
the further specialization to (a, c) = (0, 1) gives the Riemann zeta function. It is well
known that the functional equations for the Hurwitz and Riemann zeta function can be
derived by specialization from that of the Lerch zeta function.
This paper addresses the question where the Lerch zeta function fits in the framework
of automorphic representation theory. It provides the following answer, as a special case
(N, d) = (1, 1) in Theorem 9.5:
Theorem 1.1. The two symmetrized Lerch-zeta functions
L±(s, a, c) = ζ(s, a, c)± e2πiaζ(s, 1− a, 1− c)
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are Eisenstein series for the real Heisenberg group H(R) with respect to the discrete
subgroup given by the integer Heisenberg group H(Z). They form a continuous family of
eigenfunctions in the s-parameter with respect to a “Laplacian operator” ∆L =
1
2πi
∂
∂a
∂
∂c+
c ∂∂c +
1
2 . The operator ∆L defines a left-invariant vector field on H(R), and acts on
a certain Hilbert space H1 inside L2(H(Z)\H(R)), which is invariant under the right
H(R)-action, and carries an irreducible action of H(R), the Schro¨dinger representation,
with central character e2πiz. The operator ∆L is specified as an unbounded operator by
a dense domain W(D1,1) ⊂ H1 with respect to which it is skew-adjoint. It has pure
continuous spectrum with generalized eigenfunctions given by L±(12 + it, a, c), for t ∈ R,
with a specified spectral measure.
More generally, this paper provides a complete spectral decomposition of L2(H(R)/H(Z))
with respect to this vector field. The Hilbert space L2(H(R)/H(Z)) decomposes into a
countable direct sum of pieces HN indexed by the (integer) value N of the central char-
acter. This paper treats the case of nonzero N and shows that all such spaces carry pure
continuous spectra of various multiplicities, with generalized eigenfunctions of ∆L being
symmetrized Lerch functions twisted by (primitive or imprimitive) Dirichlet characters,
which we term Lerch L-functions. We give a decomposition of HN for N 6= ±1 into
smaller pieces, labeled HN,d(χ) where d|n and χ is a (primitive or imprimitive) Dirich-
let character (mod d), and each piece carries an irreducible representation of H(R) with
central character value N . A variant of the operator ∆L acts on each spaceHN,d(χ) (on a
suitable dense domain) and its spectrum is pure continuous, with associated generalized
eigenfunctions given by a pair of Lerch L-functions on the critical line. The remaining
case N = 0 will be treated in a sequel paper.
We also introduce two-variable “Hecke operators” Tm acting on these spaces HN ,
where for N = ±1 the functions L±(s, a, c) are simultaneous eigenfunctions of all the
Tm. For |N | ≥ 2 all the operators {Tm : m ≥ 1} form a commuting family acting on
HN , however these operators are normal operators on HN exactly when (m, |N |) = 1.
Smaller spaces HN,d(χ) are invariant under the action of the Hecke operators Tm having
(m, Nd ) = 1. The associated pair of Lerch L functions on this space are simultaneous
eigenfunctions of all the Hecke operators Tm and their adjoints Tm that have (m,N) = 1.
These spaces are not invariant under other Hecke operators having (m, Nd ) > 1, and to
restore full Hecke algebra invariance requires combining some of these spaces into larger
spaces, as indicated below. One can characterize the Lerch L-functions in terms of the
Hecke operator action, using results of [38].
The spectral analysis on the Hilbert space H0, corresponding to N = 0 has will be
treated in a sequel paper ([34]); it has a different structure. Under the action of ∆L alone
it splits into one-dimensional eigenspaces. The dilation action of the sub-Jacobi group
is broken, but there exist two-variable Hecke operators Tm retaining part of this action.
These operators are not normal operators for m ≥ 2. Their action is more complicated
and is dissipative on parts of H0.
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1.1. Previous work. In four joint papers with Winnie Li ([35]–[38]) the author studied
properties of the Lerch zeta function. The paper [35] derived two symmetric four-term
functional equations for the Lerch zeta function, valid for values of (a, c) in the closed
unit square  := {(a, c) : 0 ≤ a, c ≤ 1}, following an approach used in Tate’s thesis.
They apply to the two functions
L±(s, a, c) := ζ(s, a, c)± e−2πiaζ(s, 1− a, 1− c), (1.2)
which for ℜ(s) > 1 are given by the absolutely convergent series
L±(s, a, c) =
∑
n∈Z
(sgn(n+ c))ke2πina|n+ c|−s,
with (−1)k = ±, for k = 0 or 1. The four-term functional equations take the form
Lˆ±(s, a, c) = ǫ(±)e−2πiacLˆ±(1− s, 1− c, a),
in which ǫ(+) = 1 and ǫ(−) = i, and the hat indicates a completion of the function at
the archimedean place, which adds a factor π−s/2Γ(s/2), resp. f((s+ 1)/2)Γ((s + 1)/2)
according as sign is + or −. They were first obtained by Weil [62] in 1976. Paper I
observed that the Lerch zeta function is discontinuous on the boundary of the square,
indicating a singular nature of the values a = 0, resp. c = 0, and we characterized the
behavior of the function as the boundary is approached.
The papers [36] and [37] obtained an analytic continuation of ζ(s, a, c) in all three
complex variables to a (nearly) maximal domain of holomorphy; the functions are multi-
valued and their monodromy was explicitly determined. Integer values of a and nonpos-
itive integer values of c are singular values omitted from the analytic continuation; this
explains some of the discontinuities observed in [35]. It also observed that these functions
for fixed s give eigenfunctions of a linear partial differential differential operator in the
(a, c)-variables,
DL :=
1
2πi
∂
∂a
∂
∂c
+ c
∂
∂c
.
which states
DLζ(s, a, c) = −sζ(s, a, c).
It also showed that the monodromy functions are also eigenfunctions of this operator.
The operator ∆L = DL +
1
2I in the Theorem above is a shifted version of this operator,
see Section 9.2 for its general definiton.
The paper [38] introduced certain two-variable operators which were termed “Hecke
operators”, and studied their action on the Lerch zeta function. These operators have
the form
Tmf(a, c) :=
1
m
m−1∑
k=0
f
(
a+ k
m
,mc
)
which dilate in one direction and contract and shift in another. When these opera-
tors are applied term-by-term to the Dirichlet series representation (1.1), one obtains
Tm(ζ)(s, a, c) = m
−sζ(s, a, c), more generally one has
Tm(L
±)(s, a, c) = m−sL±(s, a, c).
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Thus for fixed s the Lerch zeta function is a simultaneous eigenfunction of all {Tm :
m ≥ 1}; conversely, we show for all s ∈ C that these simultaneous eigenfunction condi-
tions plus some ”twisted periodicity” conditions and integrability conditions characterize
a two-dimensional vector space spanned by L±(s, a, c), which includes the Lerch zeta
function, see [38, Theorem 6.2].
1.2. Present paper. In the present paper we view (a, c) as real variables, and charac-
terize the symmetrized Lerch zeta function viewed as related to actions on the Heisenberg
group.
The functions themselves can more generally be viewed as associated to certain au-
tomorphic representations of a four dimensional solvable real Lie group HJ(R). This
group HJ(R) is an extension of the real Heisenberg group H(R) by the multiplicative
group R∗. It has faithful matrix representations given in Appendix A. We call HJ(R)
the sub-Jacobi group because it is a subgroup of the Jacobi group Sp(2,R)⋊H(R). We
show that the Lerch zeta function, along with generalizations of it that involve twist-
ing by Dirichlet characters, called Lerch L-functions, are associated to representations of
the sub-Jacobi group acting on certain H(R)-invariant subspaces of L2(H(Z)\H(R), dµ),
which carry a representation of the larger real Lie group HJ(R). Given a (primitive or
imprimitive) Dirichlet character χ (mod d), with d dividing N , in Section 9 we define
the Lerch L-functions L±N,d(χ, s, a, c) by
L±N,d(χ, s, a, c) :=
∑
n∈Z
χ(
nd
N
)(sgn(n+Nc))ke2πina|n+Nc|−s (1.3)
in which (−1)k− = ± with k = 0 or 1. We extend these functions to functions on the
Heisenberg group by inserting a central character
L±N,d(χ, s, a, c, z) := e
2πiNzL±N,d(s, a, c), (1.4)
and continue to call them Lerch L-functions, since z = 0 recovers (1.3). The case
N = d = 1 with χ = χ0 the trivial character and z = 0 recovers the functions L
±(s, a, c)
studied in [35]. We show that the functions L±N,d(χ, s, a, c, z) for fixed s ∈ C are well-
defined on the associated space N3 := Γ\H(R), which is often called the Heisenberg
Nilmanifold.
We give an automorphic interpretation of the Lerch zeta function and, more gener-
ally, of Lerch L-functions twisted by Dirichlet characters, in terms of representations on
Heisenberg modules. Here the Lerch zeta function plays the role of an Eisenstein series,
in the sense that it parametrizes on the critical line s = 12 + iτ the continuous spectrum
of the operator ∆L, acting on the Heisenberg module H1. The operator ∆L can be iden-
tified with a certain left-invariant differential operator on the Heisenberg group, which
can be can be put in the form 14πi(XY +Y X), where X and Y are standard left-invariant
vector fields. This operator encodes a “shift by 12” which moves the line of unitarity from
the imaginary axis to the critical line, coming from the Heisenberg commutation rela-
tions. More generally, Lerch L-functions play a similar Eisenstein series role on certain
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submodules of the Heisenberg module HN for various N , denoted HN,d(χ) with d | |N |
and χ a Dirichlet character (mod d).
We also give a generalization of the two-variable Hecke operators studied in [38] to
arbitrary Heisenberg modules, given by
Tmf(a, c, z) :=
1
m
m−1∑
k=0
f
(
a+ k
m
,mc, z
)
which act as correspondences on certain single-valued functions defined almost every-
where on the real Heisenberg group. We make a detailed study of the action of these
two-variable Hecke operators on the different Heisenberg modules. In each case for each
s ∈ C there is a two-dimensional space Es(HN,d(χ)) of simultaneous eigenfunctions of
these operators.
We note that Lerch L-functions multiplied by a suitable central character may be
lifted to (discontinuous) functions on the real Heisenberg group, with twisted boundary
conditions reflecting the Heisenberg group action. That is, they may be viewed as sec-
tions of a vector bundle BN over the manifold X = H(Z)\H(R), having singularities
above certain points.
1.3. Related work. There is a very large literature on the harmonic analysis of the
Heisenberg group, see the survey of Howe [28] and the book of Thangavelu [53].
The Heisenberg nilmanifold N3 := Γ\H(R), with Γ = H(Z) is known to provide an
appropriate setting for the action of Jacobi theta functions θ(z, τ), with both variables
(z, τ) ∈ C × h. The Lerch L-functions L±N,d(s; a, c, z) give well-defined functions on N3.
Much work was done in the 1970’s relating theta functions, nilmanifolds, and abelian
varieties, see for Auslander [3], Auslander and Brezin [4], Auslander and Tolimieri [5],
Brezin [12], [13], and Tolimieri [56], [57], [58]. See also the survey of Auslander and
Tolimieri [6], and the book of Corwin and Greenleaf [19].
Harmnoic analysis on the generalized Heisenberg nilmanifold Nn = Hn(Z)\Hn(R),
a (2n + 1)-dimensional manifold, has been studied extensively. This includes work on
Hp-spaces (Kora´nyi [32]) and expansions taken with respect to various differential and
integral operators, including the Radon transform (Strichartz [51]), the Kohn Laplacian
(Folland [20]), the horizontal Heisenberg sublaplacian (Thangavelu [54]). A spectral
theory for a general class of such operators was given by Ponge [50].
Notation. We write the complex variable s = σ+iτ where σ, τ are real. We reserve t for
a real variable, viewed in the multiplicative group R∗. The additive Fourier transform
of a function f(x) ∈ L2(R, dx) is Ff(y) := ∫∞−∞ f(x)e−2πixydx, following Tate [52]. A
Hilbert space inner product is denoted (·, ·), with (f, g) = (g, f) and (f, αg) = α¯(f, g).
We use the convention that divisibility relations d|N have d > 0 but N may have a sign,
and we interpret it as d divides |N |.
Acknowledgments. This work grew out of a joint project with Winnie Li [35]-[38] on
the Lerch zeta function. I think her for helpful discussions. I thank E. M. Kiral for useful
THE LERCH ZETA FUNCTION AND THE HEISENBERG GROUP 7
references. Initial work on this project was done at AT& T Labs-Research. The author’s
work related to this project has been supported by several NSF grants, currently on
grant DMS-1401224.
2. Main Results
We coordinatize the real Heisenberg group H(R) by [a, c, z] using the (asymmetric)
three-dimensional representation
H(R) = {[a, c, z] =
 1 c z0 1 a
0 0 1
 : a, c, z ∈ R}.
and has a normalized two-sided Haar measure dµ = da dc dz. The group law is
[a, c, z] ◦ [a′, c′, z′] = [a+ a′, c+ c′, z + z′ + ca′].
The subgroup H(Z) consists of those [a, c, z] which are all integers, and the left-coset
space H(Z)\H(R) is compact with volume 1.
In Section 3 we recall that the Hilbert space H = L2(H(Z)\H(R), dµ) with H(R)
acting by ρh(F )(g) = F (gh) has a canonical “Fourier” decomposition under the unitary
characters e2πiNz of the center Z(H(R)) which restrict to the identity on H(Z) as
H := L2(H(Z)\H(R), dµ) =
⊕
N∈Z
HN (2.1)
It is known that N 6= 0 the space HN is isotypic, with multiplicity |N | of the irreducible
representation with central character e2πiNz. We also introduce a Heisenberg-Fourier
operator
R(F )([a, c, z]) := F (α(a, c, z)) = F (−c, a, z − ac) . (2.2)
which is of order 4, and which gives rise to a unitary operator acting on H.
In Section 4 we introduce and study basic properties of the two-variable Hecke oper-
ators {Tm : m ∈ Z\{0}} given by
Tmf(a, c, z) :=
1
m
m−1∑
k=0
f
(
a+ k
m
,mc, z
)
We show that these operators induce bounded operators on the Hilbert space H =
L2(H(Z)\H(R), dµ), and we consider their adjoint operators T∗m as well. We show
that the operators can be viewed as acting on functions on the real Heisenberg group
H(R) that are H(Z) -invariant, and furthermore they leave each Hilbert space HN for
N ∈ Z invariant. (Lemma 4.2). We show the adjoint operators Tm are bounded and are
conjugate to the operators Tm under the R-operator action, as follows.
Theorem 4.3. Let N ∈ Z, allowing N = 0. Then:
(i) The adjoint operator T∗m of Tm on H leaves each HN invariant and acts on HN
by
T∗m(F )(a, c, z) =
1
m
m−1∑
k=0
e2πikNaF (ma,
c+ k
m
, z) .
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(ii) On each HN each T∗m satisfies with respect to the Heisenberg-Fourier operator R
the relation
T∗m = R
∗ ◦Tm ◦ R .
where R∗ = R3.
(iii) For N ∈ Z, and m ≥ 1, with d = (m,N), then for F ∈ HN
T∗m ◦ Tm(F )(a, c, z) =
1
m
d−1∑
ℓ=0
F (a+
ℓ
d
, c, z)
and
Tm ◦ T∗m(F )(a, c, z) =
1
m
d−1∑
ℓ=0
e2πi(
Nℓ
d
)aF (a, c+
ℓ
d
, z)
The operators Tm and T
∗
m commute on HN when d = (m, N) = 1, and then satisfy
Tm ◦T∗m = T∗m ◦ Tm =
1
m
I.
They do not commute on HN when d > 1.
They operators Tm do not commute with the Heisenberg group action on these func-
tions, but transform in a simple way under the a Heisenberg group automorphism
β(t)[a, c, z] = [
1
t
a, tc, z], (2.3)
as follows.
Theorem 4.4. For any h ∈ H(R) and F ∈ H there holds
ρh ◦Tm(F )(a, c, z) = Tm ◦ ρβ(m)h(F )(a, c, z).
and
ρh ◦ T∗m(F )(a, c, z) = T∗m ◦ ρβ(1/m)h(F )(a, c, z).
In Section 5 we establish a decomposition of each of the spaces HN for N 6= 0 into
irreducible Heisenberg modules, compatible with the Hecke operators above. This de-
composition is associated to multiplicative (Dirichlet) characters, with the submodules
being indexed by a divisor d|N and a Dirichlet character χ (mod d), written HN,d(χ).
Theorem 5.5. (Multiplicative Decomposition) For N 6= 0, the Hilbert space HN has
an orthogonal direct sum decomposition
HN =
⊕
d||N |
 ⊕
χ∈(Z/dZ)∗
HN,d(χ)
 .
Here χ runs over all Dirichlet characters, primitive and imprimitive. Each HN,d(χ) is
invariant under the H(R)-action on HN and is an irreducible representation of H(R)
with central character e2πiNz.
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We call this decomposition the multiplicative decomposition of HN . These spaces are
studied using twisted Weil-Brezin maps WN,d(χ) : L2(R, dx) → HN,d(χ) defined for
Schwartz functions f(x) ∈ S(R) by
WN,d(χ)(f)(a, c, z) :=
√
CN,de
2πiNz
∑
n∈Z
χ
(
nd
N
)
f(n+Nc)e2πina, (2.4)
which extends to an isometric isomorphism of Hilbert spaces. (Here CN,d is a normalizing
constant.) The two-variable Hecke operators Tm with (m,
N
d ) = 1 leave the spaces
HN,d(χ) invariant, and the twisted Weil-Brezin map shows that they intertwine with
operators corresponding to an R∗-action on L2(R, dx). (Theorem 5.6). However the
two-variable Hecke operators Tm with (m,
N
d ) > 1 do not leave all the spaces HN,d(χ)
invariant. Theorem 5.7 gives a coarse multiplicative decomposition of HN (N 6= 0) into
simultaneous invariant subspaces for all Hecke operators {Tm : m ∈ Z\{0}}, as follows.
Theorem 5.7. (Coarse Multiplicative Decomposition) Let N 6= 0 and to each primi-
tive character χ (mod f) with f|N assign the Hilbert space
HN (χ; f) :=
⊕
d
f| d |N
HN,d(χ|d).
Then the Hilbert space HN has the orthogonal direct sum decomposition
HN =
⊕
χ, f
HN (χ; f),
in which χ runs over all primitive characters (mod f) for all f|N . Each Hilbert space
HN (χ; f) is invariant under all two-variable Hecke operators {Tm : m ∈ Z\{0}}.
The factors in this decomposition are indexed by the primitive Dirichlet characters
χ(modf) for each f | N, and are given by
HN (χ; f) :=
⊕
d
f | d |N
HN,d(χ|d),
in which χ|d denotes the (imprimitive) character (mod d) coming from χ(modf).
In Section 6 we study another decomposition of Heisenberg modules HN into irre-
ducible submodules, introduced in 1973 by Auslander and Brezin [4]. This decompo-
sition is associated to additive characters rather than multiplicative characters. More
generally, their decompositions are based on a choice of “distinguished subgroup.” We
determine the action of the two-variable Hecke operators on the resulting modules H(ψ).
These modules are usually not invariant under the Hecke operator action. We show that
the image of one module H(ψ) under a given Tm is always contained in another mod-
ule H(ψ′) and that if (m,N) = 1 this action is a permutation (Theorem 6.5). The
results of this section are included for comparison and contrast with the multiplicative
decomposition in Section 5.
In Section 7 we study the R∗-action on the multiplicative submodules HN,d(χ). This
action gives a semidirect product with theH(R)-action, and defines an action onHN,d(χ)
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of a particular four-dimensional solvable real Lie group HJ , which we call the sub-Jacobi
group.
Theorem 7.2. (Sub-Jacobi group action) For N 6= 0, each positive d|N and each
Dirichlet character χ (mod d) the Hilbert space HN,d(χ) carries an irreducible unitary
representation of a four-dimensional solvable real Lie group HJ with central character
e2πiNz. Two such representations are unitarily equivalent HJ -modules if and only if they
have the same value of N .
This result shows that a large subspace of L2(H(Z)\H(R), dµ) carries an HJ -action,
namely the orthogonal complement of H0. The remaining space H0, carrying the action
of the one-dimensional representations of H(R) on L2(H(Z)\H(R), dµ), does not carry
an HJ -action.
For N 6= 0 the individual spaces HN,d(χ) in HN carry isomorphic HJ -actions. The
two-variable Hecke operator eigenvalues Tm for (m, |N |) = 1 distinguish the spaces
HN (χ; f) in the coarse multiplicative decomposition of HN given in Theorem 5.7, be-
cause they determine the primitive character (χ, ), see Theorem 9.9 (1) below. The
individual HIlbert spaces HN,d(χ) are completely distinguished in terms of their asso-
ciated spectral measure associated to the operator ∆L described in Section 9, which
determines a particular pair of Lerch L-function sL±N,d(χ, s, a, c, z), as defined in 9.
In Section 8 we study the action of the automorphism α(a, c, z) := (−c, a, z − ac) of
the Heisenberg group acting as an operator R on the Heisenberg modules HN . On H1
this operator intertwines under the Weil-Brezin map with the additive Fourier trans-
form. We show that its action on HN intertwines with the dilation U(N) composed with
the additive Fourier transform, and that this intertwining action mixes various of the
spaces HN,d(χ), over all different (imprimitive) χ(mod d) associated to a fixed primi-
tive character χ(mod f) with f|d|N . We show that the R-operator respects the coarse
multiplicative decomposition of HN in the following way.
Theorem 8.3. For N 6= 0, the Heisenberg-Fourier operator R restricted to the in-
variant subspace HN is a unitary operator RN which acts to permute the Hilbert spaces
HN (χ; f) given by the coarse multiplicative decomposition of HN . It satisfies
RN (HN (χ; f)) = HN (χ¯; f).
In Section 9 we define Lerch L-functions L±N,d(χ, s, a, c, z) and show that they are
analogous to Eisenstein series in three distinct ways:
(i) as giving a continuous spectral decomposition of a Laplacian-like operator,
(ii) as being a simultaneous eigenfunction of a family {Tm : m ≥ 1 with (m,N) = 1}
of Hecke-like operators,
(iii) as satisfying suitable functional equations relating s to 1− s.
In Section 9.1 we define L±N,d(χ, s, a, c, z) as functions on the Heisenberg group, for 0 <
ℜ(s) < 1, via L±N,d(χ, s, a, c, z) = e2πiNzL±N,d(χ, s, a, c), via the conditionally convergent
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series,
L±N,d(χ, s, a, c) :=
∑
n∈Z
χ(
nd
N
)(sgn(n +Nc))ke2πina |n+Nc|−s.
In Theorem 9.3 we give a meromorphic continuation of these functions in the s-variable
and show they satisfy twisted-periodicity formulas making them well-defined functions
on the Heisenberg nilmanifold.N3.
In Section 9.2 we treat Lerch L-functions as simultaneous eigenfunctions of the differ-
ential operators
∆L =
1
2πi
∂
∂a
∂
∂c
+Nc
∂
∂c
+
N
2
I
and ∂∂z , and show that the two families of functions L
±
N,d(χ,
1
2 + iτ, a, c.z), viewing τ as a
parameter, −∞ < τ <∞, are a complete set of generalized eigenfunctions for ∆L, with
∆LL
±
N,d(χ,
1
2
+ iτ, a, c, z) = −iτL±N,d(χ,
1
2
+ iτ, a, c, z),
on a suitable dense domain inside the Hilbert space HN,d(χ). A main result of this paper
concerns the spectral interpretation of Lerch L-functions as Eisenstein series.
Theorem 9.5. (Eisenstein Series Interpretation of Lerch L-functions)
Let N 6= 0 and d ≥ 1 with d | N .
(1) Consider the unbounded operator ∆L =
1
2πi
∂
∂a
∂
∂c+Nc
∂
∂c+
N
2 on the dense domain
DN,d(χ) :=WN,d(χ)(D)
in the Hilbert space HN,d(χ), in which D denotes the maximal domain for D = x ∂∂x + 12I
on L2(R, dx). The operator (∆L,DN,d(χ)) commutes with all elements of the unitary
group {V(t) : t ∈ R∗}.
(2) The operator (∆L,DN,d(χ)) is skew-adjoint on HN,d(χ), and its associated spectral
multiplier function on L2( Z/2Z⊕ R, dτ) is a0(τ) = −iτ and a1(τ1) = −iτ1.
(3) The two families of Lerch L-functions L±N,d(χ,
1
2 + iτ, a, c, z), parameterize the
(pure) continuous spectrum of (∆L,DN,d(χ)) on HN,d(χ), giving a complete set of gen-
eralized eigenfunctions, as τ varies over R. All functions F (a, c, z) in the dense subspace
S(HN,d(χ)) have a convergent spectral representation
F (a, c, z) =
1
4π
∫ ∞
−∞
Fˆ+(
1
2
+ iτ)L+N,d(χ,
1
2
− iτ, a, c.z)dτ
+
1
4π
∫ ∞
−∞
Fˆ−(
1
2
+ iτ)L−N,d(χ,
1
2
− iτ, a, c.z)dτ,
in which Fˆ+(s) =M0(WN,d(χ)−1(F ))(s) and Fˆ−(s) =M1(WN,d(χ)−1(F ))(s).
The operator ∆L is the pushforward under the Weil-Brezin map of the dilation in-
variant Laplacian D = x ddx +
1
2 acting on L
2(R>0, dx), which itself corresponds to the
dilation invariant Laplacian D˜ = x ddx acting on L
2(R∗>0,
dx
x ).
In Section 9.3 we show these functions can be characterized as simultaneous joint
eigenfunctions for the set of two-variable Hecke operators Tm , viewing them as tempered
distributions using the generalized Weil-Brezin maps.We introduce a notion of Lerch L-
distribution and observe the distributional variant agrees with Lerch L-functions in the
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critical strip 0 < ℜ(s) < 1, where these distributions correspond to locally L1-functions.
Theorem 9.9. ( Hecke operator tempered distribution eigenspace) Let N be a nonzero
integer, and χ be a Dirichlet character (mod d), with d|N .
(1) For each fixed s ∈ C, let Es(HN,d(χ)) be the vector space of tempered distributions
∆ ∈ S ′(HN,d(χ)) such that
Tm(∆) = χ(m)m
−s∆, for all m ≥ 1 with (m,N) = 1.
Then Es(HN,d(χ)) is a two-dimensional vector space, and is spanned by an even homo-
geneous tempered distribution of homogeneity |t|1−s and an odd homogeneous tempered
distribution of homogeneity sgn(t)|t|1−s.
(2) For all non-integer s ∈ C the two Lerch L-distributions L±N,d(χ, s, a, c, z) are
nonzero even and odd homogeneous distributions spanning Es(HN,d(χ)), respectively. For
0 < ℜ(s) < 1 these two distributions are induced by the Lerch L-functions L±N,d(χ, s, a, c, z),
which both lie in L1(HN,d(χ)).
In Section 9.4 we show these functions satisfy suitable functional equations taking
s 7→ 1 − s. These functional equations are more complicated than that for Dirichlet
L-functions.
Theorem 9.10. (Generalized Lerch Functional Equations) Suppose that N 6= 0. Let
χ be a primitive character (mod f) and suppose that f|d and d|N , and let χ|d denote the
(generally imprimitive) character ( mod d) co-trained with χ. Then for 0 < ℜ(s) < 1 the
two Lerch L-functions L±N,d(χ|d, s, a, c, z) associated to HN,d(χ|d) satisfy the functional
equations
R(L±N,d)(χ|d, 1−s, a, c, z) = χ(−1)τ(χ)|N |s−1γ±(s)
∑
d˜|N
CN,d(d˜, χ)L
±
N,d˜
(χ¯|d˜, s, a, c, z)
 ,
in which Rf(a, c, z) = f(−c, a, z − ac) and γ±(s) are Tate-Gelfand-Graev gamma func-
tions, and the coefficients CN,d(d˜, χ) vanish whenever f ∤ d˜.
These functional equations correspond to the action of the R operator studied in
Section 8, which mixes together Lerch L-functions involving all imprimitive characters
coming from a fixed primitive character χ ( mod e) of conductor e|N . The Tate-Gelfand-
Graev gamma functions are defined in (9.27).
In Section 10 we make concluding and summarizing remarks.
There are two appendices (Sections 11 and 12). Appendix A gives facts about the
asymmetric form of the Heisenberg group used in this paper, and its relation to the
symmetric Heisenberg group. It also discusses properties of the sub-Jacobi group HJ .
Appendix B discusses dilation-invariant operators and their spectral theory, particularly
the operator x ddx +
1
2 on L
2(R, dx), based on work of Burnol.
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3. Preliminary Results
We recall basic facts about the Heisenberg nilmanifold X = H(Z)\H(R)) and func-
tions on it. It was studied by Brezin [12] and Auslander and Brezin [4]. Useful references
are Auslander and Tolimieri [5] and Thangavelu [54].
3.1. Decomposition of H(Z)\H(R). Wemay view the Hilbert spaceH = L2(H(Z)\H(R), dµ)
as a space of (equivalence classes of) measurable functions on H(R) satisfying the peri-
odicity condition
F (γg) = F (g) for all γ ∈ H(Z) , (3.1)
and square-summable on a fundamental domain of H(Z)\H(R). The Hermitian inner
product on this Hilbert space is
〈F1, F2〉 :=
∫
H(Z)\H(R)
F1(g)F2(g)dg
=
∫ 1
0
∫ 1
0
∫ 1
0
F1(a, c, z)F2(a, c, z)dadcdz . (3.2)
The space C0bdd(H(R)) ∩ L2(H(Z)\H(R), dµ) is dense in L2(H(Z)\H(R), dµ).
The group H(R) acts on L2(H(Z)\H(R), dµ) on the right as
ρh(F )(g) = F (gh) g, h ∈ H(R) . (3.3)
Indeed ρh1 ◦ ρh2(F )(g) = ρh2(F )(gh1) = F ((gh1)h2) = F (g(h1h2)). Thus if g = [a, c, z]
and h = [a′, c′, z′] then
ρh(F )(a, c, z) = F (a+ a
′, c+ c′, z + z′ + ca′).
All elements of this Hilbert space H satisfy the periodicity property
F ([a, c, z + 1]) = F ([0, 0, 1] ◦ [a, c, z]) = F (a, c, z). (3.4)
in the z-variable. Thus we can decompose H into Fourier eigenspaces in the z-direction,
obtaining the orthogonal decomposition
H =
⊕
N∈Z
HN , (3.5)
in which HN consists of L2-functions having e2πiNz as central character; that is,
F (a, c, z) = e2πiNzF (a, c, 0) , (3.6)
almost everywhere. The conditions for membership F (a, c, z) ∈ HN can be expressed in
terms of values z = 0, and given in terms of the left action of H(Z), as follows. Such a
function must satisfy (almost everywhere)
F (a+ 1, c, 0) = f([1, 0, 1] ◦ [a, c, 0]) (3.7)
= F (a, c, 0),
a condition which is independent of N . Such a function must also satisfy (almost every-
where)
F (a, c + 1, 0) = F ([1, 1, 0] ◦ [a, c,−a]) (3.8)
= e−2πiNaF (a, c, 0) ,
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a condition which depends on N . Since H(Z) is generated by [0, 0, 1], [0, 1, 0], [1, 0, 0]
any function on H(R) satisfying properties (3.6), (3.7), (3.8) almost everywhere will be
invariant under the left action of H(Z) on HN almost everywhere.
It is known that for N 6= 0 the action of H(R) on the space HN decomposes into
|N | copies of the unique (infinite-dimensional) unitary irreducible representation πN of
H(R) having central character e2πiNz( cf. [12], [5]).
For N = 0 the central character is trivial and the functions in H0 are constant in the
z-direction, so the Hilbert space L2(R2/Z2, dadc) can serve as a representation module
for H(R). It has a natural orthogonal basis
φmn(a, c, z) := e
2πi(ma+nc), (m,n) ∈ Z2 , (3.9)
which decomposes it into one-dimensional representations of H(R).
3.2. Heisenberg-Fourier operator. The map α : H(R)→ H(R) given by
α([a, c, z]) := [−c, a, z − ac]. (3.10)
is an automorphism of H(R), i.e. α(g) ◦ α(h) = α(gh). It is of order 4. The map
α induces an operator acting on functions in H. We let C0bdd(H(R)) denote the set of
bounded continuous functions on the real Heisenberg group H(R). This space includes
all H(Z)-periodic continuous functions, which form a dense subset of functions in H.
Definition 3.1. The Heisenberg-Fourier operator R : C0bdd(H(R)) → C0bdd(H(R)) is
given by
R(F )(a, c, z) := F (α(a, c, z)) = F (−c, a, z − ac) . (3.11)
It satisfies R4 = I on this domain.
Lemma 3.2. The operator R restricted to C0bdd(H(R)) ∩ L2(H(Z)\H(R), dµ) extends
uniquely to a unitary operator on H, also denoted R.
(i) The unitary operator R leaves each space HN invariant, including N = 0. The
restriction RN of this operator to the domain HN is given by
RN (F )(a, c, z) = e
−2πiNacF (−c, a, z) , F ∈ HN . (3.12)
(ii) The operator R satisfies R4 = I, and has adjoint operator
R∗(F )(a, c, z) = R−1(F )(a, c, z) = F (c,−a, z + ac). (3.13)
(iii) The unitary operator J := R2 is an involution, is self-adjoint, and is given by
J(F )(a, c, z) = F (−a,−c, z). (3.14)
Proof. In proving (i) below we will check that R applied to to continuous functions on
HN maps them to HN and Assuming this, since such functions form a dense subspace
of HN , and the map R uniquely extends to an isometry of HN . Consequently it extends
uniquely to an isometry of L2(H(Z)\H(R)) = ⊕N∈ZHN , which is therefore unitary.
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(i) A continuous function F (a, c, z) ∈ HN if and only if F (a, c, z) = F (a, c, 0)e2πiNz ,
together with relations
F (a+ 1, c, z) = F (a, c, z)
F (a, c + 1, z) = e−2πiNaF (a, c, z).
For F ∈ HN these relations yield.
R(F )(a, c, z) = F (−c, a, z − ac) = e−2πiNacF (−c, a, z),
which is (3.13). We now check R(F )(a, c, z) ∈ HN . We have
R(F )(a, c, z) = F (−c, a, z − ac) = e2πiNzF (−c, a,−ac) = e2πiNzR(F )(a, c, 0).
In addition, using these relations, we obtain
R(F )(a + 1, c, z) = F (−c, a + 1, z − (a+ 1)c)
= e−2πiN(−c)F (−c, a, z − ac− c)
= e2πiNce2πiN(−c)F (−c, a, z − ac) = R(F )(a, c, z).
and
R(F )(a, c + 1, z) = F (−c− 1, a, z − a(c+ 1)
= F (−c, a, z − ac− a)
= e2πiN(−1)F (−c, a, z − ac) = e−2πiNaR(F )(a, c, z).
Thus R(F ) ∈ HN . Finally recall that the Hilbert space norm of F (a, c, z) is
||F ||2 =
∫ 1
0
∫ 1
0
∫ 1
0
|F (a, c, z)|2dadcdz.
Now for F ∈ HN , we obtain using the relations
||R(F )||2 =
∫ 1
0
∫ 1
0
∫ 1
0
|F (−c, a, z − ac)|2dadcdz
=
∫ 1
0
∫ 1
0
∫ 1
0
|F (1− c, a, z)|2dadcdz = ||F ||2.
It follows that R is an isometry, which is onto since R is invertible.
(ii), (iii) The relation R4 = I on L2(H(Z)\H(R), dµ) is inherited from its holding
on the dense subspace C0bdd(H(R)) ∩ L2(H(Z)\H(R), dµ). The adjoint R∗ equals R−1
since it is unitary, and R−1 = R3. The formulas (3.13) and (3.14) follow by explicit
calculation. 
Remark. The restriction operator R1 on H1 is related to the Fourier transform, in the
sense that it intertwines with the (additive) Fourier transform F on L2(R, dx) under the
Weil-Brezin map W = W1,1(χ0) : L2(R, dx) → H1 defined in Section 5. This explains
our nomenclature. The operator RN on HN has a more complicated relation to the
Fourier transform, which is computed in Section 7.
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4. Two-Variable Hecke Operators
We define and study two-variable Hecke operators on the Heisenberg group. The
definition extends the two-variable Hecke operators studied in [37] by inserting the third
Heisenberg variable z, which however is not changed under this action.
4.1. Hecke operator definition. We now define Hecke operators on the space of
bounded continuous functions C0bdd(H(R)).
Definition 4.1. For all nonzero integers m we define the two-variable Hecke operator
Tm(F )(a, c, z) :=
1
|m|
|m|−1∑
j=0
F
(
a+ j
m
,mc, z
)
, (4.1)
Here Tm : C
0
bdd(H(R)) → C0bdd(H(R)), and the two variables in the name refer to vari-
ables (a, c), noting that the action on the z-variable is trivial.
It is easy to compute that
Tm ◦ Tn = Tn ◦ Tm = Tmn (4.2)
as operators on C0bdd(H(R)). Indeed setting G(a, c, z) = TmF (a, c, z), we have
Tn ◦ Tm(F )(a, c, z) = 1|n|
|n|−1∑
k=0
Tm(F )
(
a+ k
n
, nc, z
)
=
1
|n|
|n|−1∑
k=0
1
|m|
|m|−1∑
j=0
F
(
a+k
n + j
m
, nmc, z
)
=
1
|mn|
|mn|−1∑
l=0
F
(
a+ l
mn
,mnc, z
)
= Tmn(F )(a, c, z) . (4.3)
Lemma 4.2. The operators {Tm : m ∈ Z\{0}} on C0bdd(H(R)) ∩ L2(H(Z)\H(R), dµ)
extend uniquely to bounded operators {Tm : m ∈ Z\{0}} on L2(H(Z)\H(R), dµ).
(i) Each Tm leaves every space HN invariant, including the case N = 0.
(ii) On HN these operators satisfy the relations
Tm ◦ Tn = Tn ◦Tm = Tmn, (4.4)
for all m,n ∈ Z.
(iii) With respect to the involution J = R2 the operators Tm satisfy
T−m = Tm ◦R2. (4.5)
Proof. The space C0bdd(H(R))∩H is dense in H so any continuous extension of Tm to all
of H is unique. We have ‖Tm‖ ≤ 1 on C0bdd(H(R))∩H, so a continuous extension exists.
(i) A continuous function F (a, c, z) ∈ HN if F (a, c, z) = F (a, c, 0)e2πiNz , with
F (a+ 1, c, 0) = F (a, c, 0)
F (a, c + 1, 0) = e−2πiNaF (a, c, 0).
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For a continuous F (a, c, z) ∈ HN we have
Tm(F )(a+ 1, c, 0) =
1
|m|
|m|−1∑
j=0
F (
a+ 1 + j
m
,mc, 0)
=
1
|m|
(
F (
a
m
+
|m|
m
) +
|m|−1∑
j=1
F (
a+ j
m
,mc, 0)
)
=
1
|m|
|m|−1∑
j=0
F (
a+ j
m
,mc, 0)
= Tm(F )(a, c, 0),
where (3.7) was used in the second to last line. In addition
Tm(F )(a, c + 1, 0) =
1
|m|
|m|−1∑
j=0
F (
a+ j
m
,mc+m, 0)
=
1
|m|
|m|−1∑
j=0
e−2πimN(
a+j
m F (
a+ j
m
,mc, 0)
= e−2πiNa
1
|m|
|m|−1∑
j=0
e−2πijNF (
a+ j
m
,mc, 0)
= e−2πiNaTm(F )(a, c, 0),
where (3.8)was used in the second line. We conclude Tm(F ) ∈ HN . The continuous
functions in HN are dense, so the result holds on all of HN by boundedness of the
operator Tm.
(ii) The commutativity relation (4.4) is inherited from (4.2).
(iii) The relation (4.5) is verified using
T−m(F )(a, c, z) =
1
|m|
|m|−1∑
j=0
F
(
a+ j
−m ,−mc, z
)
=
1
|m|
|m|−1∑
j=0
R2(F )
(
a+ j
m
,mc, z
)
= Tm ◦R2(F )(a, c, z) (4.6)

4.2. Adjoint two-variable Hecke operators. Since the Hecke operators act as bounded
operators on each HN , they have well defined adjoint Hecke operators T∗m. In the next
result we allow all integers N , allowing N = 0, using the convention that the g.c.d.
(m, 0) = m.
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Theorem 4.3. (i) The adjoint operator T∗m of Tm on H leaves each space HN invariant
and acts on HN by
T∗m(F )(a, c, z) =
1
m
m−1∑
k=0
e2πikNaF (ma,
c+ k
m
, z) . (4.7)
(ii) On each HN each T∗m satisfies with respect to the Heisenberg-Fourier operator R
the relation
T∗m = R
∗ ◦Tm ◦ R . (4.8)
where R∗ = R3.
(iii) For N ∈ Z, and m ≥ 1, with d = (m,N), then for F ∈ HN
T∗m ◦ Tm(F )(a, c, z) =
1
m
d−1∑
ℓ=0
F (a+
ℓ
d
, c, z) (4.9)
and
Tm ◦ T∗m(F )(a, c, z) =
1
m
d−1∑
ℓ=0
e2πi(
Nℓ
d
)aF (a, c+
ℓ
d
, z) (4.10)
The operators Tm and T
∗
m commute on HN when d = (m, N) = 1, and then satisfy
Tm ◦T∗m = T∗m ◦ Tm =
1
m
I. (4.11)
They do not commute on HN when d > 1.
Remarks. (1) In the case N = 0, we use the convention that gcd(m, 0) = m.
(2) A bounded operatorM on a Hilbert space is normal ifM∗M =MM∗. The recult
(iii) above implies that Tm is not a normal operator on HN when d = (m,N) ≥ 2.
Proof. (i) We verify (4.7) on HN , and later use it to prove (4.8). Let T˜mf denote the
right side of (4.7).
We first show T∗m leaves each HN invariant. Suppose F ∈ HN , g ∈ HN ′ . If N 6= N ′
then
(F,Tm(G)) =
∫ 1
0
∫ 1
0
F (a, c, 0)Tm(G)(a, c, 0)
∫ 1
0
e2πi(N−N
′)zdz = 0 . (4.12)
Since
(T∗m(F ), G) = 〈F,Tm(G)〉 = 0,
it follows that T∗mF is orthogonal to all G ∈ HN ′ , N ′ 6= N . Thus T∗mf ∈ HN , as
required.
It therefore suffices to determine T∗m on HN . For F,G ∈ HN we integrate out the
z-variable to obtain
(F,Tm(G)) =
1
m
∫ 1
0
∫ 1
0
F (a, c, 0)
m−1∑
j=0
G
(
a+ k
m
,mc, 0
) dadc .
For km ≤ c < k+1m set c = c˜+km , and by change of variables
(F,Tm(G)) =
1
m2
∫ 1
0
m−1∑
k=0
m−1∑
j=0
F
(
a,
c˜+ k
m
, 0
)
G
(
a+ j
m
, c˜+ k, 0
)
dadc˜ .
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Next, for each j, set a˜ = a+jm , so a = ma˜− j with jm < a˜ < j+1m . We obtain
(F,Tm(G)) =
1
m
m−1∑
k=0
m−1∑
j=0
∫ 1
0
∫ j+1
m
j
m
F
(
ma˜− j, c˜+ k
m
, 0
)
G(a˜, c˜+ k, 0)da˜dc˜ .
Using F (a− j, c, 0) = F (a, c, 0) and G(a, c + k, 0) = e−2πiNkag(a, c, 0) leads to
(F,Tm(G)) =
1
m
m−1∑
k=0
m−1∑
j=0
∫ 1
0
∫ j+1
m
j
m
e2πikNaF
(
ma˜,
c˜+ k
m
, 0
)
G(a˜, c˜, 0)da˜dc˜
=
∫ 1
0
∫ 1
0
(
1
m
m−1∑
k=0
e2πikNaF
(
ma˜,
c˜+ k
m
, 0
))
G(a˜, c˜, 0)da˜dc˜
=
∫ 1
0
∫ 1
0
∫ 1
0
(
1
m
m−1∑
k=0
e2πikNa
(
F (ma˜,
c˜+ k
m
, z
))
G(a˜, c˜, z)da˜dc˜dz
= 〈T˜mf, g〉 , (4.13)
where T˜m denotes the right side of (4.7). Since (T
∗
m(F ), G) for all G ∈ HN determines
the element T∗m(F ) ∈ HN , we conclude that (4.7) holds.
(ii) To prove (4.8) it suffices to show that it holds for F ∈ HN for all N ∈ Z. It then
follows by linearity for all F ∈ H, since R and R∗ leave all HN invariant. We verify
it by direct computation on HN ; it suffices to check that RN ◦ T∗m = Tm ◦ RN and
R∗N ◦ T∗m = Tm ◦ R∗N on HN . We compute
RN ◦ T∗m(F )(a, c, z) = T∗m(F )(−c, a, z − ac)
=
1
m
m−1∑
k=0
e−2πikNcF (−mc, a+ k
m
, z − ac)
=
1
m
m−1∑
k=0
e−2πiNac−2πikNcF (−mc, a+ k
m
, z) ,
while
Tm ◦RN (F )(a, c, z) = 1
m
m−1∑
k=0
RN (F )(
a+ k
m
,mc, z)
=
1
m
m−1∑
k=0
F (−mc, a+ k
m
, z − (a+ k
m
)mc)
=
1
m
m−1∑
k=0
e−2πiNace−2πikNcF (−mc, a+ k
m
, z) .
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(iii) We verify (4.9). Using the formula (4.7) we have
T∗m ◦Tm(F )(a, c, z) =
1
m
m−1∑
j=0
e2πijNaTm(F )(ma,
c+ j
m
, z)
=
1
m2
m−1∑
j=0
m−1∑
k=0
e2πiNjaF (
ma+ k
m
,m(
c+ j
m
), z)
=
1
m2
m−1∑
j=0
m−1∑
k=0
e2πiNjaF (a+
k
m
, c+ j, z)
=
1
m2
m−1∑
j=0
m−1∑
k=0
e2πiNjae−2πiNj(a+
k
m
)F (a+
k
m
, c, z)
=
1
m
m−1∑
k=0
 1
m
m−1∑
j=0
e−2πi
Njk
m
F (a+ k
m
, c, z)
If N 6= 0 the condition d = (m,N) the condition m|Nk requires that k = Nd ℓ for some
integer 0 ≤ ℓ < d− 1, which yields (4.9) in this case. In case N = 0 set (m, 0) = m and
(4.9) still holds. The derivation of (4.10) is similar:
Tm ◦ T∗m(F )(a, c, z) =
1
m
m−1∑
k=0
T∗m(F )(
a + k
m
),mc, z)
=
1
m2
m−1∑
k=0
m−1∑
j=0
e2πiNj(
a+k
m
)F (m(
a+ k
m
),
mc+ j
m
, z)
=
1
m2
m−1∑
k=0
m−1∑
j=0
e2πiN
ja
m e2πi
Njk
m F (a, c+
j
m
, z)
=
1
m
m−1∑
j=0
e2πiN
ja
m
(
1
m
m−1∑
k=0
e−2πi
Njk
m
)
F (a, c +
j
m
, z).
=
1
m
∑
0≤j<m
m|jN
e2πi
Nja
m F (a, c+
j
m
, z),
=
1
m
d−1∑
ℓ=0
e2πi(
Nℓ
d
)aF (a, c +
ℓ
d
, z).
To derive the last line, for N 6= 0 we used the fact that m|jN makes j = Nd ℓ for some
0 ≤ ℓ < d. The case N = 0 follows by inspection.
The relations (4.9) and (??) imply that Tm and T
∗
m do not commute on HN for
N 6= 0 when d = (m, |N |) ≥ 2. When (m,N) = 1, only the ℓ = 0 term occurs in
the sums above and T∗m and Tm commute, with T∗m ◦ Tm(F )(a, c, z) = 1mF (a, c, z) and
Tm ◦ T∗m(F )(a, c, z) = 1mF (a, c, z). 
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Remark. Theorem 4.3 (ii) shows that Tm and T
∗
m are unitarily equivalent operators on
each HN (including N = 0), so they have equal operator norms
‖Tm‖ = ‖T∗m‖, on HN . (4.14)
(Here ‖Tm‖ := sup{x∈H: ‖x‖=1} ‖Tmx‖.) Theorem 4.3 (iii) implies that the operator Tm
on HN is invertible when (m,N) = 1 and has operator norm
‖Tm‖ = 1√
m
. (4.15)
In part II we explicitly compute their action onH0 using the basis {φjk : (j, k) ∈ Z2}, and
show that for |m| ≥ 2 these operators are not invertible and have infinite-dimensional
kernels, and we show that
‖Tm‖ = ‖T∗m‖ = 1, (4.16)
holds for all m 6= 0.
4.3. Heisenberg group action on Tm and T
∗
m. The operators Tm and T
∗
m do not
commute with the Heisenberg action on the right, but transform in a simple way under
this action. For t ∈ R∗ the maps β(t) : H(R)→ H(R) given by
β(t)[a, c, z] = [
1
t
a, tc, z], (4.17)
form a one-parameter group of automorphisms of H(R), i.e. β(t)g ·β(t)h = β(t)(gh) and
β(t) ◦ β(t′) = β(tt′).
Theorem 4.4. For any h ∈ H(R) and F ∈ L2(H(Z)\H(R), dµ) there holds
ρh ◦Tm(F )(a, c, z) = Tm ◦ ρβ(m)h(F )(a, c, z). (4.18)
and
ρh ◦ T∗m(F )(a, c, z) = T∗m ◦ ρβ(1/m)h(F )(a, c, z). (4.19)
Proof. Let h = [a′, c′, z′] ∈ H(R), so that β(m)(h) = [a′m ,mc, z]. Then
ρh ◦Tm(F )(a, c, z) = Tm(F )(a+ a′, c+ c′, z + z′ + ca′)
=
1
|m|
|m|−1∑
k=0
F (
a+ a′ + k
m
,m(c+ c′), z + z′ + ca′)
and
Tm ◦ ρβ(m)h(F )(a, c, z) =
1
|m|
|m|−1∑
k=0
πβ(m)h(F )(
a+ k
m
,mc, z)
=
1
|m|
|m|−1∑
k=0
F (
a+ k
m
+
a′
m
,mc+mc′, z + z′ + (mc)
a′
m
)
which yields (4.18).
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For the adjoint Hecke operator, by linearity it suffices to consider F ∈ HN for each N
separately. Then
ρh ◦T∗m(F )(a, c, z) = T∗m(F )(a + a′, c+ c′, z + z′ + ca′)
=
1
|m|
|m|−1∑
k=0
e2πiN(a+a
′)F (m(a+ a′),
c+ c′ + k
m
, z + z′ + ca′).
Next, using the fact that F (a, c, z + w) = e2πiNwF (a, c, z) for f ∈ HN , we have
T∗m ◦ ρβ(1/m)h(F )(a, c, z) =
1
|m|
|m|−1∑
k=0
e2πiNaρβ(1/m)h(F )(ma,
c+ k
m
, z)
=
1
|m|
|m|−1∑
k=0
e2πikNaF (ma+ma′,
c+ k
m
+
c′
m
, z + z′ +
(
c+ k
m
)
ma′)
=
1
|m|
|m|−1∑
k=0
e2πikN(a+a
′)F (m(a+ a′),
c+ c′ + k
m
, z + z′ + ca′), (4.20)
which yields (4.19). 
5. Multiplicative Character Decomposition of HN
In this section we construct a decomposition of HN for N 6= 0 into irreducible H(R)
modules, which is associated to Dirichlet characters χ ∈ (Z/dZ)∗ for all d|N . We call
this the multiplicative character decomposition of HN . Note that∑
d|N
φ(d) = N , (5.1)
so this decomposes HN into |N | subspaces, labelled HN,d(χ).
5.1. Schro¨dinger representations of H(R). The Stone-von Neumann theorem as-
serts: that for each real λ 6= 0 there is (up to unitary isomorphism) a unique an irre-
ducible (infinite-dimensional) unitary representation πλ for the real Heisenberg group
H(R) having central character e2πiλz , which is unique up to unitary isomorphism. The
Schro¨dinger representation provides such a representation on the Hilbert space L2(R, dx),
constructed using the operations of modulation and translation, defined here by
πλ([a, c, z])f(x) := e
2πiaxf(x+ λc)e2πiλz . (5.2)
Here modulation action is
πλ([a, 0, 0])f(x) = e
2πiaxf(x)
and the translation action is
πλ([0, c, 0])f(x) = f(x+ λc).
The central character multiplies by e2πiλz and describes a phase shift action
πλ([0, 0, z])f(x) = e
2πiλzf(x).
All these operators leave the Schwartz class S(R) in L2(R) invariant.
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The Schro¨dinger representation πλ fro arbitrary λ 6= 0 can be obtained on L2(R, dx)
from the Schro¨dinger representation π1, by rescaling under an automorphism of H(R)
given by
γλ([a, c, z]) = [a, λc, λz]. (5.3)
We have
πλ([a, c, z]) := π1(γλ[a, c, z].
5.2. Twisted Weil-Brezin maps. We recall first the Weil-Brezin map, named after
Weil [59] and Brezin [13, Sect. 4]. The key property is that the Weil-Brezin map
intertwines the Schro¨dinger representation π1 of H(R) on L
2(R, dx) with the Heisenberg
action on H1.
Definition 5.1. (1) The Weil-Brezin map W : L2(R, dx)→ H1 is defined for Schwartz
functions f ∈ S(R) by
W(f)(a, c, z) := e2πiz
(∑
n∈Z
f(n+ c)e2πina
)
. (5.4)
Under Hilbert space completion this map extends to an isometry of these Hilbert spaces.
(2) The inverse Weil-Brezin map is
W−1(g)(x) =
∫ 1
0
g(a, x − n, 0)e−2πinada for n < x < n+ 1 . (5.5)
This map was independently discovered in time-frequency signal analysis, with f(x)
being the time-domain signal, by Zak [65], [66], where it is now called the Zak transform,
cf. Janssen [29], [30].
As an example, the image under the Weil-Brezin map of the Gaussian φ(x) = e−πtx2
is
W(f)(a, c, z) = e2πiz
∑
n∈Z
e−πt(n+c)
2
e2πina
= e2πize−πtc
2
ϑ3(it, a+ ict) (5.6)
where ϑ3(τ, z) is the Jacobi theta function
ϑ3(τ, z) :=
∑
n∈Z
eπin
2τe2πinz , (5.7)
where τ ∈ HC and z ∈ C. L. Auslander [3] introduced a class of C∞ functions on H(R)
which he called nil-theta functions, generalizing (5.6).
We now generalize this map to N 6= 0, inserting a multiplicative character. Given a
(primitive or imprimitive) Dirichlet character χ(mod d) with d dividing |N |, we define a
notion of twisted Weil-Brezin map, and introduce a Hilbert space HN,d(χ) as its image.
This map will intertwine a copy of the Schro¨dinger representation piN on L
2(R, dx) with
the Heisenberg action on its image space.
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Definition 5.2. Given a (primitive or imprimitive) Dirichlet character χ(mod d), and
an integer N with d|N , the twisted Weil-Brezin map WN,d(χ) : L2(R, dx)→ HN,d(χ) is
defined for Schwartz functions f ∈ S(R) by
WN,d(χ)(f)(a, c, z) :=
√
CN,de
2πiNz
∑
n∈Z
χ
(
nd
N
)
f(n+Nc)e2πina (5.8)
in which we set χ(r) := 0 if r 6∈ Z, and
CN,d :=
N
φ(d)
(5.9)
is a normalizing factor. (Note also that χ(r) = 0 for those r ∈ Z having (r, d) > 1.)
Lemma 5.3. The twisted Weil-Brezin map WN,d(χ) : S(R) → C∞(HN ) extends to a
Hilbert space isometry
WN,d(χ) : L2(R, dx) −→ HN,d(χ) ⊆ HN (5.10)
whose range HN,d(χ) is a closed subspace of HN . The Hilbert space HN,d(χ) is invariant
under the action of H(R), and the map WN,d(χ) intertwines the Schro¨dinger represen-
tation πN on L
2(R, dx) with this action.
Proof. We check that for f, g ∈ S(R),
( f, g)L2(R,dx) = ( WN,d(χ)(f), WN,d(χ)(g))HN . (5.11)
Since WN,d(χ)(f), WN,d(χ)g ∈ HN we have
(WN,d(χ)(f), WN,d(χ)(g)) = CN,d
∫ 1
0
∫ 1
0
WN,d(χ)(f)(a, c, 0)WN,d(χ)(g)(a, c, 0)dadc
= CN,d
∫ 1
0
∫ 1
0
∑
n1∈Z
∑
n2∈Z
χ
(
n1d
N
)
χ
(
n2d
N
)
f(n1 +Nc)g(n2 +Nc)e
2πi(n1−n2)adadc
= CN,d
∫ 1
0
∑
n1∈Z
χ
(
n1d
N
)
χ
(
n1d
N
)
f(n1 +Nc)g(n1 +Nc)dc .
Now introduce the new summation variable n = n1dN ∈ Z. On noting that χ(·) is a
character (mod d) so that χ(n)χ¯(n) = 1 if (n, d) = 1 and is 0 otherwise, we obtain
(WN,d(χ)(f), WN,d(χ)(g)) = N
φ(d)
∫ 1
0
∑
n∈Z
(n,d)=1
f(
nN
d
+Nc)g(
nN
d
+Nc)dc
= N
∫ ∞
−∞
f(Nc)g(Nc)dc
= 〈f, g〉L2(R,dx) .
We now use the general fact that an isometry f : D → V defined on a dense subspace
D of a separable Hilbert space D ⊆ H1 into a subspace V ⊆ H2 extends to an isometry
f : H1 −→ H2 whose range is a closed subspace of H2.
It remains to show that HN,d(χ) is invariant under the action of H(R) acting on HN .
Given h = (a′, c′, z′) ∈ H(R) and F ∈ HN,d(χ), we have
ρh(F )((a, c, z)) = F ((a, c, z) ◦ (a′, c′, z′)) = F (a+ a′, c+ c′, z + z′ + ca′).
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Now F (a, c, z) =WN,d(χ)(f)(a, c, z) and one checks that
ρh(F )(a, c, z) = e
2πiN(z+z′+ca′)
∑
n∈Z
χ(
nd
N
)f(n+N(c+ c′))e2πin(a+a
′)
= WN,d(χ)(f˜)(a, c, z),
where
f˜(x) := e2πixa
′
f(x+Nc′)e2πiNz
′ ∈ L2(R, dx) . (5.12)
Thus ρh(F ) ∈ HN,d(χ). (Strictly speaking this is verified on the dense set of Schwartz
functions on L2(R, dx) and extended to the whole space by completion.) Note that
f˜(x) = πN (f)(x) gives the Schro¨dinger representation action of [a, c, z] of H(R) with
central character e2πiNz on L2(R, dx). acting on L2(R, dx). This establishes the inter-
twining, and shows that the H(R)-action on HN,d(χ) is irreducible with central character
e2πiNz. 
Note that every function F (a, c, z) ∈ HN has a unique Fourier expansion
F (a, c, z) = e2πiNz
∑
m∈Z
hm(c)e
2πima
and that those F ∈ HN,d(χ) have Fourier coefficients hm(c) supported on those m with
(m,N) = Nd , as is evident from (5.8).
The next result shows that the twisted Weil-Brezin map WN,d(χ) for χ a Dirichlet
character (mod d) is just a rescaling of the twisted Weil-Brezin map Wd,d(χ).
Lemma 5.4. Given a Dirichlet character χ (mod d), for any f ∈ L2(R, dx) there holds
WN,d(χ)(f)(a, c, z) =Wd,d(χ)(U(N
d
)(f))
(
Na
d
, dc,
N
d
z
)
. (5.13)
in which U(t) : L2(R, dx)→ L2(R, dx) is the unitary transformation
(U(t)(f))(x) = |t|1/2f(tx) . (5.14)
Proof. Let f ∈ S(R). Starting from (5.8) only terms n ≡ 0 (mod Nd ) give nonzero
contributions on the right side, and setting n = Nd n˜
WN,d(χ)(f)(a, c, z) =
√
CN,de
2πiNz
∑
l˜∈Z
χ(l˜)f
(
N
d
l˜ +Nc
)
e2πi
Nl˜a
d

=
(
CN,d
N
d
)1/2
e2πiNz
∑
l˜∈Z
χ(l˜)(U(
N
d
)(f))(l˜ + dc)e2πil˜(
Na
d
)

=
(
CN,d
Cd,d · Nd
)1/2
Wd,d(χ)(U(N
d
)(f))
(
Na
d
, dc,
N
d
z
)
.
Since (
CN,d
Cd,d · Nd
)1/2
=
(
N
φ(d)
d
φ(d) · Nd
)
= 1,
the result follows. 
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5.3. Multiplicative character decomposition.
Theorem 5.5. (Multiplicative Decomposition) For N 6= 0, the Hilbert space HN has
an orthogonal direct sum decomposition
HN =
⊕
d||N |
 ⊕
χ∈(Z/dZ)∗
HN,d(χ)
 . (5.15)
Here χ runs over all Dirichlet characters, primitive and imprimitive. Each HN,d(χ) is
invariant under the H(R)-action on HN and is an irreducible representation of H(R)
with central character e2πiNz.
Proof. To prove the theorem it suffices to show that the spaces HN,d(χ) are mutually
orthogonal. Lemma 5.3 showed that each HN,d(χ) carries a representation of H(R) with
central character e2πiNz of multiplicity at least 1, while HN carries such a representa-
tion of multiplicity |N |. Since we have |N | = ∑d/|N | φ(d) summands on the right side,
we conclude that each multiplicity is 1. Since the representation on HN is completely
reducible, the orthogonal complement H⊥ of the right side of (5.15) carries a representa-
tion of HN , with central character e2πiNz . Its multiplicity must be 0, so H⊥ = {0} and
(5.15) follows.
To verify pairwise orthogonality of the HN,d(χ), it suffices to check it on the dense
subspace of functions
SN,d(χ) := {WN,d(χ)(f) : f ∈ S(R)} . (5.16)
Given f1, f2 ∈ S(R) we have
( WN,d1(χ1)(f1), WN,d2(χ2)(f2) )HN
=
√
CN,d1CN,d2
∫ 1
0
∫ 1
0
∑
n1,n2∈Z
χ1
(
n1d1
N
)
χ2
(
n2d2
N
)
f1(n1 +Nc)f2(n2 +Nc)e
2πi(n−nc)adadc
=
√
CN,d1CN,d2
∫ 1
0
∑
n1∈Z
χ1
(
n1d1
N
)
χ2
(
n1d2
N
)
f1(n1 +Nc)f2(n1 +Nc)dc .
If d1 6= d2 then
χ1
(
nd1
N
)
χ2
(
nd2
N
)
= 0, for all n ∈ Z , (5.17)
i.e. they have disjoint support. Thus
( WN,d1(χ1)(f), WN,d2(χ2)(g) ) = 0 , d1 6= d2 .
If d1 = d2, set n =
n1d1
N and χ = χ1χ¯2, to obtain
( WN,d1(χ1)(f1), WN,d1(χ2)(f2) )HN =
N
φ(d1)
∫ 1
0
∑
n∈Z
χ(n)f1
(
Nn
d1
+Nc
)
f2
(
Nn
d1
+Nc
)
dc
=
N
φ(d1)
(
d1−1∑
k=0
χ(k)
)∫ ∞
−∞
f1(Nc)f2(Nc)dc
= 0 , (5.18)
because
∑d1−1
k=0 χ(k) = 0 since χ is a nontrivial Dirichlet character (mod d1). 
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5.4. Hecke operator action on HN,d(χ). We next consider the action of the Hecke
operators on the spaces HN,d(χ). For m ∈ Z>0 and a Dirichlet character χ, define
Tχm : L2(R, dx)→ L2(R, dx) by
Tχm(f)(x) := χ(m)f(mx) . (5.19)
If χ is a character (mod d) and d|d′ then we let χ|d′ denote the (imprimitive) character
(mod d′) which equals χ(n) if (n, d′) = 1 and 0 otherwise.
Theorem 5.6. (Hecke-invariant Hilbert Subspaces) Let N 6= 0 and suppose that χ is
a Dirichlet character (mod d) with d|N . Given m, and letting d′ = (m, Nd ), the two-
variable Hecke operator Tm leaves invariant the Hilbert space
HN,d(χ; d′) :=
⊕
e|d′
HN,de(χ|de) , (5.20)
and for f ∈ HN,d(χ),
Tm ◦ WN,d(χ) =
∑
e|d′
√
φ(de)
φ(d)
χ
(m
e
)
WN,de(χ|de) ◦Tχ0m . (5.21)
In particular, if (m, Nd ) = 1 then Tm leaves HN,d(χ) invariant, and
Tm ◦ WN,d(χ) =WN,d(χ) ◦Tχm = χ(m) WN,d(χ) ◦ Tχ0m . (5.22)
Proof. Given WN,d(χ)(f) ∈ HN with f ∈ S(R), we have
Tm ◦ WN,d(χ)(f)(a, c, z) = 1
m
m∑
k=1
WN,d(χ)(f)
(
a+ k
m
,mc, z
)
=
√
CN,de
2πiNz
∑
n∈Z
χ
(
nd
N
)
f(n+Nmc)
(
1
m
e2πin
a
m
m−1∑
k=0
e2πi
nk
m
)
=
√
CN,de
2πiNz
∑
n=lm∈mZ
n=me
χ(
lmd
N
)f(lm+Nmc)e2πila .
Writing m = d′m′ with d′ = (m, Nd ), we obtain
Tm ◦WN,d(χ)(f)(a, c, z) =
√
CN,de
2πiNz
∑
l∈Z
χ
(
ldd′m′
N
)
Tχ0m (f)(l +Nc)e
2πila . (5.23)
We subdivide l ∈ Z into arithmetic progressions (mod N). Now χ( ldd′N ) = 0 unless Ndd′
∣∣∣l.
Suppose this holds, and define e by
(l,N) =
N
de
,
with e|d′. For fixed e there are φ(de) such arithmetic progressions (mod N). On such a
progression, writing l = Nde · l′, one has (l′, de) = 1, so that
χ(l
dd′m′
N
) = χ(l′
d′m′
e
) = χ(
d′m′
e
)χ(l′) = χ(
d′m′
e
)χ
∣∣∣
de
(l′) . (5.24)
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Now (5.23) yields for f ∈ S(R) that
Tm ◦ WN,d(χ)(f)(a, c, z) =
√
CN,de
2πiNz
∑
e|d′
χ
(
d′m′
e
) ∑
(l,N)=N
de
l′= lde
N
χ
∣∣∣
de
(l′)Tχ0m (f)(l +Nc)e
2πila

=
√
CN,de
2πiNz
∑
e|d′
χ
(
d′m′
e
)∑
l∈Z
χ|de( lde
N
)Tχ0m (f)(l +Nc)e
2πila
=
∑
e|d′
χ
(m
e
)√ CN,d
CN,de
WN,de
(
χ
∣∣∣
de
)
(Tχ0m (f))(a, c, z) . (5.25)
This relation holds for all f ∈ HN,d(χ) by Hilbert space completion, and (5.20) follows
since
CN,d
CN,de
=
φ(de)
φ(d)
.
The relation (5.20) shows that
Tm(HN,d(χ)) ⊆
⊕
e|d′
HN,de
(
χ
∣∣∣
de
)
. (5.26)
Applying this to all HN,de(χ|de) on the left establishes that ⊕e|N/dHN,de(χ|de) is an
invariant subspace for Tm in HN . 
5.5. Coarse multiplicative character decomposition. Theorem 5.6 yields a coarser
orthogonal decomposition of HN , labeled by primitive Dirichlet characters χ (mod f)
with f | N , whose summands are left invariant by all two-variable Hecke operators. We
call the resulting decomposition (5.28) below the coarse multiplicative decomposition of
HN .
Theorem 5.7. (Coarse Multiplicative Decomposition) Let N 6= 0 and to each primitive
character χ (mod f) with f|N assign the Hilbert space
HN (χ; f) :=
⊕
d
f| d |N
HN,d(χ|d). (5.27)
Then the Hilbert space HN has the orthogonal direct sum decomposition
HN =
⊕
χ, f
HN (χ; f), (5.28)
in which χ runs over all primitive characters (mod f) for all f|N . Each Hilbert space
HN (χ; f) is invariant under all two-variable Hecke operators {Tm : m ∈ Z\{0}}.
Proof. The orthogonality of the decomposition follows from Theorem 5.5. The invariance
under all the two-variable Hecke operators Tm follows from the Hecke operator action
given in Theorem 5.6. 
The formulas in Theorem 5.6 indicate that the mutually commuting action of the two-
variable Hecke operators on HN (χ, f) is not semisimple, except in the case that f = N .
Their action is simultaneously triangularizable, but not always diagonalizable.
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6. Additive character decomposition of HN
In this section, for comparative purposes, we describe another orthogonal decompo-
sition of HN for N 6= 0 into irreducible H(R)-submodules, due to Brezin [12]. This
decomposition, which we term the additive character decomposition, was generalized in
Auslander and Brezin [4] to other nilpotent Lie groups, including the (2n+1)-dimensional
Heisenberg group Hn(R). In order to state results in parallel with the multiplicative de-
composition given in Section 5, our notation and formulation differs slightly from that
in Auslander and Brezin [4] and Auslander[3]. We then determine the action of the
two-variable Hecke operators on the additive character decomposition modules.
6.1. Distinguished subgroups and additive Brezin maps. These decompositions
are associated to additive characters of certain “distinguished subgroups” of a given
discrete subgroup of Hn(R). We define for N ≥ 1 the discrete subgroups
ΓU
(
1
N
)
:=
 1 1NZ 1NZ0 1 Z
0 0 1
 (6.1)
of H(R). Note that H(Z) = ΓU (1) ⊆ ΓU ( 1N ) and ΓU (1) is a normal subgroup of ΓU ( 1N ).
Definition 6.1. For each additive character ψk on Z/NZ, with
ψk(m) := e
2πkm
N , 0 ≤ k ≤ N − 1 , (6.2)
we define the additive Brezin map WN (ψk) : L2(R, dx) → HN on Schwartz function
f ∈ S(R) by
WN (ψk)(f)(a, c, z) := e2πiNz
∑
n∈Z
e
2πikn
N f(n+Nc)e2πina . (6.3)
Lemma 6.2. (1) The additive Brezin map WN (ψ) : S(R) 7→ C∞(HN ) extends to a
Hilbert space isometry
WdN (ψk) : L2(R, dx) 7→ HN
whose image HN (ψk) is a closed subspace of HN .
(2) The space HN (ψk) consists of those elements F ∈ HN that satisfy for 0 ≤ j ≤ N−1
the relations
F
(
a+
j
N
, c, z
)
= ψk(j)F (a, c, z) , (6.4)
almost everywhere.
Proof. (1) As in Lemma 5.3, one computes that for all f, g ∈ S(R),
(f, g)L2(R,dx) = ( WN (ψk)(f),WN (ψk)(g) )HN .
The map therefore extends under Hilbert space completion to an isometry.
(2) If F =WN (ψ)(f) ∈ HN (ψk) then the relation (6.4) hold by inspection of terms in
the formula (6.3). It can be checked that, conversely, the functional equations (6.4) for
0 ≤ j ≤ N − 1 suffice to determine the Fourier coefficients on the right side of (6.3). 
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The group ΓU (
1
N ) is associated to these Weil-Brezin maps in that the transformation
(6.4) involves a translation in the group ΓU (
1
N ).
The next result shows that the additive Weil-Brezin maps WN (ψk) arise from the
original Weil-Brezin map by a rescaling of variables.
Lemma 6.3. For f ∈ L2(R, dx) and the additive character ψk(n) = e 2πiknN on Z/NZ,
the additive Brezin map is given by
WN (ψk)(f)(a, c, z) =W(f)(a+ k
N
,Nc,Nz) (6.5)
where W(f) =W1(ψ0)(f) =W1,1(χ0)(f) is the Weil-Brezin map.
Proof.
Proof. This formula holds for Schwartz functions by (6.3) and carries over to all f ∈
L2(R, dx) under Hilbert space completion. Note that the right side of (6.5) is ΦkN ◦W(f)
where
ΦkN (F )(a, c, z) := F (
a+ k
N
,Nc,Nz) . (6.6)
In particular (6.5) shows that ΦkN : H1 → HN (ψk) is a Hilbert space isometry mapping
H1 onto HN (ψk). 
6.2. Additive Character Decomposition. The following result is a special case of a
result of Auslander and Brezin [4].
Theorem 6.4. (Auslander-Brezin) For N 6= 0 the Hilbert space HN has an orthogonal
direct sum decomposition
HN =
N−1⊕
k=0
HN (ψk) . (6.7)
Each HN (ψk) is invariant under the H(R)-action on HN and is an irreducible represen-
tation of H(R) with central character e2πiNz.
Proof. This is Theorem 2 (iii) of Auslander and Brezin [4]. It can also be proved by
similar orthogonality calculations to those in Theorem 5.5. 
The Hecke operators Tm act on the additive character decomposition (6.2) of HN by
mapping each subspace H(ψ) into another subspace, and when (m,N) = 1 this action
is a permutation..
Theorem 6.5. For each N 6= 0 and each m ≥ 1 the Hecke operator Tm : HN → HN
restricts to a map
Tm : HN (ψk)→HN (ψkm) (6.8)
for 0 ≤ k ≤ N − 1. In particular HN (ψk) is invariant under Tm if and only if k = 0 or
k 6≡ 0 (mod N) and m ≡ 1 (mod N/(k,N)). If (m,N) = 1 the action of Tm permutes
the HN (χk).
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Proof. Let WN (ψk)(f) ∈ HN (ψk), and let T˜m : L2(R, dx)→ L2(R, dx) by
T˜m(f)(x) := f(mx) . (6.9)
Then
Tm ◦ WN (ψk)(f)(a, c) = 1
m
m−1∑
j=0
WN (ψk)(f)
(
a+ j
m
,mc, z
)
=
1
m
m−1∑
j=0
∑
n∈Z
e
2πikn
N f(n+Nmc)e2πin(
a+j
m
)
=
∑
n∈Z
e
2πkn
N f(n+Nmc)e
2πina
m
 1
m
m−1∑
j=0
e
2πinj
m

=
∑
n∈Z
n=ml
e
2πkml
N f(m(l +Nc))e2πila
= WN (ψkm) ◦ T˜m(f). (6.10)
Now (6.10) shows that Tm ◦ W(ψk)(f) ∈ HN (ψkm), as asserted.
Next ψkm ≡ ψk if and only if either k ≡ 0 (mod N) or k 6≡ 0 (mod N) and m ≡ 1
(mod N/(k,N)). If (m,N) = 1 the map on additive characters ψk to ψkm is bijective.

Remarks. (1) There are similar orthogonal direct sum decompositions associated to
additive characters of other discrete subgroups. For example, there is an orthogonal
direct sum decomposition of HN associated to the characters of
ΓL
(
1
N
)
:=
 1 Z 1NZ0 1 1NZ
0 0 1
 . (6.11)
that leave the normal subgroup ΓL(1) fixed.
(2) For N =M2 there is also an orthogonal direct sum decomposition
HN =
⊕
ψ1,ψ2∈(Z/MZ)
H(ψ1, ψ2) (6.12)
associated to the discrete subgoup
ΓUL
(
1
N2
)
=
 1 1NZ 1N2Z0 1 1NZ
0 0 1
 . (6.13)
of H(R).
(3) This additive character decomposition is associated to the finite Fourier transform
is studied by Auslander and Tolimieri [6].
7. Dilation Action on HN and the sub-Jacobi group
The group GL(1,R) := R∗ has a unitary action on L2(R, dx) by dilations
U(t)(f)(x) := |t|1/2f(tx), t 6= 0. (7.14)
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Using the Weil-Brezin maps WN,d(χ), we show this action carries over to all Heisenberg
modules HN , for N 6= 0, and that it behaves nicely with respect to all the two-variable
Hecke operators.
7.1. Dilations and Two-Variable Hecke Operators. The dilation operators give an
action of R∗ on each Heisenberg module HN,d(χ) using the intertwining map WN,d(χ).
Set V(t) : HN,d(χ)→HN,d(χ) by
V(t) :=WN,d(χ) ◦ U(t) ◦ WN,d(χ)−1 for t 6= 0, (7.1)
Writing F =WN,d(χ)(f) ∈ HN,d(χ) as (5.8), we have
V(t)(F )(a, c, z) = |t|1/2√CN,de2πiNz∑
n∈Z
χ(
nd
N
)f(t(n+Nc))e2πina. (7.2)
Now V(t) is a unitary operator on WN,d(χ), and taking direct sums defines the (diago-
nal) dilation action V(t) : HN →HN , for all N 6= 0.
Theorem 7.1. For each N 6= 0, the R∗-action {V(t) : t ∈ R∗} on HN commutes with
all two-variable Hecke operators. That is, for each m 6= 0 and t ∈ R∗,
V(t) ◦ Tm = Tm ◦ V(t). (7.3)
Proof. This is a consequence of Theorem 5.6. It suffices to check it on each HN,d(χ)
separately. For m ≥ 1, on setting d′ = gcd(m, Nd ) it yields
Tm ◦ WN,d(χ)(f) = 1√
m
∑
e | d′
χ(
m
e
)
√
φ(de)
φ(d)
WN,de(χ|de)(U(m)(f)). (7.4)
Then
V(t) ◦ Tm (WN,d(χ)(f)) = 1√
m
∑
e | d′
χ(
m
e
)
√
φ(de)
φ(d)
V(t) ◦WN,de(χ|de)(U(m)(f))
=
1√
m
∑
e | d′
χ(
m
e
)WN,de(χ|de)
√
φ(de)
φ(d)
(U(t) ◦U(m)(f))
=
1√
m
∑
e | d′
χ(
m
e
)
√
φ(de)
φ(d)
(WN,de(χ|de) ◦ U(m)) (U(t)(f))
= Tm ◦ WN,d(χ)(U(t)(f))
= Tm ◦ V(t) (WN,d(χ)(f)) ,
as asserted.
Finally T−m = R2 ◦Tm and R2 = V(−1) on HN,d(χ) so the result follows for negative
m. 
Note that (7.4) gives for (m,N) = 1 that onHN,d(χ) there holds Tm = |m|−1/2χ(m)V(m).
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7.2. Sub-Jacobi Group Action on HN . The R∗-action on each HN,d(χ) (N 6= 0)
combines with the Heisenberg H(R)-action to give an irreducible unitary representation
of a certain four-dimensional real Lie group HJ , defined below, which we call the sub-
Jacobi group.
Let N 6= 0 and the Dirichlet character χ (mod d) be given. The H(R)-action on
F (a, c, z) ∈ HN,d(χ) is
ρ([a′, c′, z′])(F )(a, c, z) := F ((a, c, z) ◦ (a′, c′, z′)) = F (a+ a′, c+ c′, z + z′ + ca′). (7.5)
Definition 7.2. We define for t ∈ R and [a′, c′, z′] ∈ H(R) the (unitary) operators
ρJ([t, a
′, c′, z′]) acting on HN,d(χ) by
ρJ([t, a
′, c′, z′])(F )(a, c, z) := V(t) ◦ ρ([a′, c′, z′])(F )(a, c, z).
Here V(t) acts on F =WN,d(χ)(f) for suitable f ∈ L2(R, dx) via (7.2).
We obtain the following result.
Theorem 7.3. (Sub-Jacobi group action)
For N 6= 0, each positive d|N and each Dirichlet character χ (mod d) the Hilbert
space HN,d(χ) carries an irreducible unitary representation of a four-dimensional solvable
real Lie group HJ with central character e2πiNz. Two such representations are unitarily
equivalent HJ -modules if and only if they have the same value of N .
Proof. To show that the set of all operators ρJ([t, a
′, c′, z′]) forms a (unitary) representa-
tion on HN,d(χ) of a four-dimensional real Lie group, we pull the action back to L2(R, dx)
using the inverse modified Weil-Brezin map WN,d(χ)−1. The H(R)- representation pulls
back as follows. If f(x) =WN,d(χ)−1(F ) then we have
ρ˜N ([a
′, c′, z′])(f)(x) = e2πiNz
′
f(x+ c′)e2πiNa
′
, (7.6)
which depends only on N 6= 0 and is independent of d and the character χ. Note
here that for N = 0 the formula (7.6) makes sense and defines an H(R)-action with
trivial central character viewed with image in L2(R, dx), but there is no corresponding
Weil-Brezin map.
The R∗-action V(t) pulls back to U(t), and we set
ρ˜N ([t, a, c, z])(f)(x) := U(t) ◦ ρ˜N (a, c, z)(f)(x) (7.7)
Using (7.6) we compute
U(t) ◦ ρ˜N ([a′, c′, z′])(f)(x) = e2πiNz′f(tx+ c′)e2πiNa′ , (7.8)
ρ˜N ([a
′, c′, z′]) ◦ U(t)(f)(x) = e2πiNz′f(t(x+ c′))e2πiNa′ . (7.9)
These formulas combine to give
U(t) ◦ ρ˜N ([a, c, z]) ≡ ρ˜N ([a, 1
t
c, z]) ◦U(t), (7.10)
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whose functional form is independent of N ∈ Z. Thus we have a representation of a
four-dimensional real Lie group HJ whose general element is
[t, a, c, z] ∈ R∗ × R3,
having multiplication law
[t, a, c, z] ◦ [t′, a′, c′, z′] = [tt′, 1
t′
a+ a′, t′c+ c′, z + z′ + t′ca′]. (7.11)
The group HJ has a faithful 4× 4 matrix representation
ρ([t, a, c, z]) =

1 c a z
0 t 0 ta
0 0 1t 0
0 0 0 1
 . (7.12)
It is a semi-direct product R∗ ⋉H(R), and is a solvable Lie group.
The action ρ˜N ([t, a, c, z]) in (7.7) defines a unitary representation of H
J on L2(R, dx),
where unitarity follows from (7.10). For each N 6= 0 this HJ -representation is irreducible
because it is already irreducible as an H(R)-representation. This property then holds
for the representation ρJ acting on HN,d(χ) using the intertwining map WN,d(χ).
Two such representations viewed as H(R)-representations are unitarily equivalent if
and only if they have the same value of N . Viewed as HJ -representations, they are
unitarily equivalent if they have the same value of N , by inspection of the action (7.8)
on L2(R, dx). 
We term the group HJ the sub-Jacobi group because it can be identified as a subgroup
of the Jacobi group Aut(H(R))⋉H(R), see Appendix A. This group HJ has been called
the extended (1+1)-dimensional Poincare´ group in the physics literature, see de Mello
and Rivelles [43].
The action of HJ on each HN,d(χ) extends to an action of HJ on HN for each N 6= 0,
by taking the direct sum. It is an interesting question whether this action has a natural
definition directly on HN without invoking the Weil-Brezin maps. A crucial feature
of this action is that it commutes with the two-variable Hecke operators as given in
Theorem 7.1.
7.3. Compatiblity of Additive and Multiplicative character R∗-actions. One
can define in a similar fashion an (possibly different) HJ -action on HN for each N 6= 0
by using the additive character decomposition of HN given in Section 6. That is, one
pushes forward the action (7.8) to each HN (ψ) by the appropriate Weil-Brezin map
WN (ψ), and then takes a direct sum. We show that this action V˜(t) coincides with the
HJ -action above.
Theorem 7.4. For each N 6= 0 the R∗-action V(t) on HN induced from the multiplica-
tive character decomposition coincides with the R∗-action V˜(t) induced from the additive
character decomposition of HN .
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Proof. The action V˜(t) for a function F = HN (ψ)(f) ∈ WN (ψ) is given by
V˜(t)(F )(a, c, z) = |t|1/2e2πiNz
∑
n∈Z
ψ(n)f(t(n+Nc))e2πina.
By linearity it suffices to check the equivalence for any function G = WN,d(χ)(g) ∈
HN,d(χ). We use the fact that the function h(n) = χ(ndN ) is periodic with period N and
therefore can be expressed as a linear combination h(n) =
∑N−1
k=0 a(k)ψk(n), for certain
(complex) coefficients a(k). It follows that for all g(x) ∈ L2(R, dx) there holds
WN,d(χ)(g) =
√
CN,d
N−1∑
k=0
a(k)WN (ψk)(g).
We now obtain
V(t)(G)(a, c, z) = |t|1/2√CN,de2πiNz∑
n∈Z
χ(
nd
N
)g(t(n +Nc))e2πina
= |t|1/2√CN,de2πiNz N−1∑
k=0
a(k)
∑
n∈Z
ψk(n)g(t(n +Nc))e
2πina
=
√
CN,d
N−1∑
k=0
a(k)V˜(t)(WN (ψk)(g))
= V˜(t)(WN,d(χ)(g))(a, c, z) = V˜(t)(G)(a, c, z), (7.1)
as asserted. 
7.4. Lerch L-Functions as Mellin Transforms. The two functions L±(s, a, c) studied
in [35] and given in (1.2) can be interpreted as arising from a multiplicative Fourier
transform (Mellin transform) associated to the R∗-action {V(t) : t ∈ R∗}. These two
functions can be identified with the value z = 0 of Lerch L-functions L±1,1(χ0, s, a, c, z)
with character χ0 on the Heisenberg group defined in Section 9.1 following, in which χ0
is the principal character (mod 1).
Recall that the two-sided Mellin transforms Mk(f) for k = 0, 1 were defined by
Mk(f)(s) :=
∫ ∞
−∞
f(x)(sgn(x))k|x|s dx|x| . (7.2)
The one-sided Mellin transform is
M(f)(s) :=
∫ ∞
0
f(x)xs
dx
x
, (7.3)
which satisfies, formally,
M(f)(s) = 1
2
(M0(f)(s) +M1(f)(s)) .
The function f(x) must have some growth restrictions as x → 0+ and x → ∞ in order
for these integrals to converge for some s ∈ C. The multiplicative averaging operator
Aa,c[f ](t) introduced in [35] is given, for f(x) ∈ S(R) and t ∈ R∗, by
Aa,c[f ](t) =
∑
n∈Z
f((n+ c)t)e2πina =W(U(t)(f))(a, c, 0) = [V(t) ◦ W(f)](a, c, 0), (7.4)
where W =W1,1(χ0) is the Weil-Brezin map. We obtain a Mellin transform
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Proposition 7.5. (Mellin Integral Representation) For any test function f(x) ∈ S(R),
on the half-plane ℜ(s) > 1 there holds
1
2
Mk(f)(s)L±1,1(χ0, s, a, c)
=
∫ ∞
0
[
W1,1(U(t)(f))(a, c, 0) + (−1)kW1,1(U(t)(f)(−a,−c, 0)
]
ts
dt
t
. (7.5)
Remark. The formula (7.5) exhibits the R∗-action U(t) inside the Mellin transform. The
combination of two terms on the right side of (7.5) was needed to get a Mellin transform
having a nonempty half-plane of absolute convergence. This combination of terms creates
a function invariant under the reflection automorphism α2(a, c, z) = (−a,−c, z) of H(R).
Alternatively, since V(t)(W1,1(f)) =W1,1(U(t)f) the right side of (7.5) equals∫ ∞
0
[
V(t)W1,1(f)(a, c, 0) + (−1)kV(t)W1,1(f)(−a,−c, 0)
]
ts
dt
t
.
Proof. In [35, Lemma 2.1] it was shown that for k = 0, 1 the the function given by the
operator
Ba,ck [f ](t) := A
a,c[f ](t) + (−1)ke−2πiaA1−a,1−c[f ](t), (7.6)
with 0 < a, c < 1 applied to a Schwartz function f(s), has one-sided Mellin transforms
M(Ba,ck [f ])(s) which are absolutely convergent in the half-plane ℜ(s) > 1, with
M(Ba,ck [f ])(s) =
1
2
Mk(f)(s)L±1,1(χ0, s, a, c) with (−1)k = ±. (7.7)
The formula (7.5) is derived using (7.6) together with the identity
e−2πiaW(U(t)(f))(1 − a, 1− c, 0) =W(U(t)(f))(a, c, 0).

Given a primitive Dirichlet character χ (mod N), one may derive formulas similar to
(7.5) which replace the Weil-Brezin map with an appropriate modified Weil-Brezin map
WN,N (χ). In Section 9.1 we extend the definition of Lerch L-functions to all WN,d(χ)
and to all (primitive or imprimitive) Dirichlet characters χ, specifying L±N,d(χ, s, a, c, z).
In Section 9.4 we show that these L-functions satisfy suitable functional equations. The
integral formulas above specialize to the value z = 0.
8. R-Operator Action and Additive Fourier Transform
In this section we determine the action of the Heisenberg- Fourier operator R(F )(a, c, z) =
F (−c, a, z−ac) on the spaces HN,d(χ), where d divides N . Recall from Section 3.2 that
on the invariant subspace HN we denote this operator by RN , and it is given by
RN (F )(a, c, z) = e
−2πiNacF (−c, a, z) , F ∈ HN .
A. Weil [59] observed in 1964 that R1(F )(a, c, z) intertwines with the additive Fourier
transform F under the Weil-Brezin map on H1 = H1,1(χ0). That is,
R1(W1,1(χ0)(f)) =W1,1(χ0)(F(f)), (8.1)
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where the (normalized) Fourier transform is given by
F(f)(y) = 1√
2π
∫ ∞
−∞
f(x)e2πixydx. (8.2)
We show that for general N 6= 0 the action of RN (F )(a, c, z) has a more complicated
intertwining with the additive Fourier transform. In particular it is necessary to distin-
guish between primitive and imprimitive Dirichlet characters, and the dilation operator
U(N) is needed to describe the action.
8.1. Gauss sums for imprimitive characters. We need to make use of known for-
mulae for Gauss sums of imprimitive characters. Let χ be a primitive Dirichlet character
(mod f) and if f | d let χ|d be the (imprimitive) Dirichlet character (mod d) defined
by χ|d(m) = χ(m) if (m,d) = 1, and 0 otherwise. For any integer m the Gauss sum
G(m,χ|d) is given by
G(m,χ|d) :=
∑
k ( mod d)
χ|d(k)e2πi
km
d
The standard Gauss sum τ(χ) of a primitive character χ is τ(χ) := G(1, χ), and it sat-
isfies |τ(χ)|2 = f.
Proposition 8.1. Let χ be a primitive Dirichlet character (mod f) and suppose f|d.
For any integer m set m′ = m(m,d) and d
′ = d(m,d) . Then
(i) If f ∤ d′, then
G(m,χ|d) = 0. (8.3)
(ii) If f|d′, then
G(m,χ|d) =
(
φ(d)
φ(d′)
µ(
d′
f
)χ(
d′
f
)χ¯(m′)
)
τ(χ). (8.4)
Proof. This is derived in Hasse [26, pp. 444–450] and in Joris [31, Theorem A]. A
generalization appears in Nemchenok [48]. 
More general formulas for Gauss sums on finite (commutative or noncommutative)
rings were derived by Lamprecht [39], [40]. We note that in all cases the modulus
squared of such a Gauss sum is an integer.
For primitive or imprimitive characters, if (m,d) = 1 then one has G(m,χ|d) =
χ¯|d(m)G(1, χ). However only for primitive characters is it true that G(m,χ) = 0 other-
wise.
8.2. Fourier transform intertwinings with R-operator underWeil-Brezin maps.
The nonvanishing of G(m,χ|d) for some (m,d) > 1 for imprimitive characters leads to
complications in the formulas for the R-operator action given in the following result.
Theorem 8.2. Let N 6= 0, and let d be a positive divisor of |N |. Suppose that χ is a
primitive Dirichlet character (mod f) with f|d. Then for f(x) ∈ L2(R, dx), there holds
RN (WN,d(χ|d)(f)) = χ(−1) τ(χ)|N | 12
∑
d˜ | |N |
CN,d(d˜, χ) WN,d˜(χ¯|d˜)(F ◦ U(N)(f)), (8.5)
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for certain coefficients CN,d(d˜, χ). These coefficients are given in terms of d
′ := d
(|N |/d˜,d)
as follows. If f|d′ then
CN,d(d˜, χ) :=
√
φ(d˜)
φ(d)
(
φ(d)
φ(d′)
µ(
d′
f
)χ(
d′
f
)χ¯(
Nd′
d˜d
)
)
, (8.6)
and if f ∤ d′ then CN,d(d˜, χ) = 0.
Remark. The proof shows that f ∤ d˜ implies f ∤ d′, so that the coefficients CN,d(d˜, χ) = 0
whenever f ∤ d˜. However it can happen that CN,d(d˜, χ) 6= 0 for some d˜ a strict divisor of
d, e.g. when N = d = f3 and d˜ = f, where d′ = f.
Proof. Set
F (a, c, z) =WN,d(χ|d)(f)(a, c, z) =
√
CN,de
2πiNz
∑
N∈Z
χ|d(nd
N
)f(n+Nc)e2πiNa,
in which CN,d =
N
ϕ(d) . Then, taking n˜ =
nd
N , we have
R(F )(a, c, z) =
√
CN,de
2πiN(z−ac)∑
n∈Z
χ|d(nd
N
)f(n+Na)e−2πinc
=
√
CN,de
2πiNz
∑
n˜∈Z
χ|d(n˜)f(N(a+ n˜
d
))e−2πiNace−2πi
N
d
n˜c. (8.7)
We compute the partial Fourier expansion
R(F )(a, c, z) = e2πiNz
∑
m∈Z
hm(c)e
2πima, (8.8)
with Fourier coefficients
hm(c) :=
∫ 1
0
R(F )(a, c, 0)e−2πimada.
We obtain
hm(c) =
∑
n˜∈Z
χ|d(n˜)e−2πi
N
d
n˜c
∫ 1
0
f(N(a+
n˜
d
))e−2πiNace−2πimada
=
∑
n˜∈Z
χ|d(n˜)e−2πi
n˜m
d
∫ 1
0
f(N(a+
n˜
d
))e2πiN(a+
n˜
d
)(c+m
N
)da. (8.9)
Splitting the sum on the right into residue classes (mod d) gives
hm(c) =
√
CN,d
d∑
k=1
χ|d(k)e−2πi
km
d
∫ ∞
−∞
f(N(a+
k
d
))e−2πiN(a+
k
d
)(c+m
N
)da
=
√
CN,d
d∑
k=1
χ|d(k)e−2πi
km
d
∫ ∞
−∞
f(Na˜)e−2πiNa˜(c+
m
N
)d(|N |a˜)
|N |
=
√
CN,dG(−m,χ|d) · 1|N |F(f)(c+
m
N
)
=
√
CN,dG(−m,χ|d) · 1|N |F(f)(c+
m
N
).
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Now F(f)(c + mN ) = |N |1/2U( 1N )(F(f))(c +m) and, using the fact that for all t ∈ R∗,
U(1t ) ◦ F = F ◦ U(t) on L2(R, dx), we obtain
hm(c) =
√
CN,d
G(−m,χ|d)
|N |1/2
(
U(
1
N
) ◦ F
)
(f)(m+Nc)
=
√
CN,d
G(−m,χ|d)
|N | 12
(F ◦ U(N)) (f)(m+Nc). (8.10)
Now we group terms in the Fourier expansion (8.7) according to the value of d˜ = N(m,N) ,
noting that (m,N) = N
d˜
. We will apply Proposition 8.1 to evaluate the Gaussian sums,
and for this we set
d′ =
d
(m,d)
=
d
(|N |/d˜, d) and m
′ =
m
(m,d)
=
m
(|N |/d˜, d) ,
Proposition 8.1 then states, if f|d′, that
G(m,χ|d) = φ(d)
φ(d′)
µ(
d′
f
)χ(
d′
f
) · χ¯(m′), (8.11)
while G(m,χ|d) = 0 if f ∤ d′. We will show that, when f|d′, that
G(−m,χ|d) = χ(−1)C∗N,d(d˜, χ) · χ¯|d˜(
md˜
N
). (8.12)
with
C∗N,d(d˜, χ) :=
φ(d)
φ(d′)
µ(
d′
f
)χ(
d′
f
)χ¯(
Nd′
dd˜
). (8.13)
and that G(−m,χ|d) = 0 when f ∤ d′.
We have
G(−m,χ|d) = χ¯(−1)G(m,χ|d) = χ(−1)G(m,χ|d) (8.14)
so this gives G(−m,χ|d) = 0 if f ∤ d′, and it remains to consider the case f|d′.
We will need to relate d˜ and d′, and now show that f|d′ implies that f|d˜, or equivalently,
that f ∤ d˜ implies f ∤ d′, as remarked after the theorem statement. So suppose f|d′,
and let a prime p|f , and set pfp||f, pfp ||f, php ||N, so that 1 ≤ fp ≤ fp ≤ hp. Now
f|d′ gives ordp((Nd˜ , d)) ≤ fp − fp < fp so that ordp(
N
d˜
) = ordp((
N
d˜
, d)), which yields
ordp(d˜) ≥ hp − (fp − fp) = fp + (hp − fp) ≥ fp. Since this holds for all primes dividing f,
we have f|d˜.
Next, define g˜ := Nd
′
dd˜
and note that the definition of d′ yields N
d˜g˜
:= ( |N |
d˜
, d), which
shows that g˜ is an integer. We have m′ = md˜N · g˜, and since md˜N is an integer,
χ¯(m′) = χ¯(
md˜
N
)χ¯(g˜).
Whenever f|d˜, the relation (md˜N , d˜) = 1 yields
χ¯(m′) = χ¯|d˜(
md˜
N
)χ¯(g˜) . (8.15)
We showed above that f|d′ implies f|d˜, so we can combine this with (8.11), and (8.14) to
deduce (8.12).
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We next note that
WN,d˜(χ¯|d˜) (F ◦ U(N)(f)) =
√
CN,d˜
∑
m∈Z
χ¯|d˜(
md˜
N
)(F ◦ U(N))(f)(m+Nc)e2πima. (8.16)
The nonzero terms in the sum on the right all have (m,N) = |N |
d˜
. (Indeed, we must have
|N |
d˜
|(n,N) for md˜N to be an integer, and if any further factor of d˜ divides (m,N) then the
imprimitive character χ|d˜ vanishes.) Comparing this formula with (8.10) on those terms
with (m,N) = |N |
d˜
and using (8.12), we find that they agree up to a multiplicative scale
factor, given by multiplying (8.16) by
CN,d(d˜, χ) :=
√
CN,d
CN,d˜
C∗N,d(d˜, χ) =
√
φ(d˜)
φ(d)
C∗N,d(d˜, χ).
Combining this with (8.13) yields (8.6) and completes the proof. 
8.3. Action of R-operator on coarse multiplicative decomposition. The simplest
case of Theorem 8.2 is the case of a primitive character χ (mod |N |) in which case
R(HN,|N |(χ)) = HN,|N |(χ¯), and (8.5) simplifies to
R
(WN,|N |(χ)(f)) = ǫ(χ)WN,|N |(χ¯) (F ◦ U(N)(f)) , (8.17)
where ǫ(χ) is given by
ǫ(χ) := χ(−1) τ(χ)
|N | 12
,
and satisfies |ǫ(χ)| = 1 and ǫ(χ)ǫ(χ¯) = 1. More generally, we obtain the following result.
Theorem 8.3. For N 6= 0, the Heisenberg-Fourier operator R restricted to the invariant
subspace HN is a unitary operator RN which acts to permute the Hilbert spaces HN (χ; f)
given by the coarse multiplicative decomposition of HN . It satisfies
RN (HN (χ; f)) = HN (χ¯; f). (8.18)
Proof. The coarse multiplicative decomposition of HN was given in Theorem 5.7. The
map RN is the restriction of R to HN . and map R is a unitary transformation of
HN into itself, which is onto since R4 = I. Theorem 8.2 and the remark following its
statement show that when d|f the image of HN,d(χ|d) falls in HN (χ¯; f) so we conclude
that R (HN (χ, f)) ⊆ HN (χ¯; f). Since the image R (HN (χ′; f′)) falls in HN (χ¯′; f′), which is
orthogonal to HN (χ¯; f) inside HN , we conclude that the map RN on HN (χ, f) must be
an isometry onto HN (χ¯; f). 
9. Lerch L-Functions viewed as Eisenstein Series
The classical Eisenstein series E(z, s) associated to SL(2,Z)\SL(2,R) has three char-
acteristic properties. First, for each fixed s ∈ C it is a (generalized) eigenfunction in
the z = x + iy variable of the non-Euclidean Laplacian ∆H = y
2
(
∂2
∂x2
+ ∂
2
∂y2
)
(with
eigenvalue s(s− 1)), and on the critical line s = 12 + it these eigenfunctions comprise the
continuous spectrum of ∆H on SL(2,Z)\SL(2,R). Second, for each fixed s ∈ C it is a
simultaneous eigenfunction of a commutative algebra of Hecke operators acting on the
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z-variable. Third, it has a functional equation in the spectral variable s, relating E(z, s)
and E(z, 1 − s). In this section we define Lerch L-functions L±N,d(χ, s, a, c, z) and their
tempered distribution analogues, and show they possess analogues of all three properties.
9.1. Lerch L-functions. Let d divide |N | and suppose that χ is a (primitive or imprim-
itive) Dirchlet character (mod d). We apply the intertwining mapWN,d(χ) to functions
and operators on L2(R, dx), carrying them to functions and operators associated to
HN,d(χ). In Appendix B we give the resulting correspondence for H1 = H1,1(χ0), for the
operators discussed in Section 8, plus the two variable Hecke operators and their adjoints.
The dilation group U(t) is carried to a group V(t) :=WN,d(χ) ◦U(t) ◦WN,d(χ)−1 of uni-
tary operators on HN,d(χ); we therefore call operators on HN,d(χ) dilation-invariant if
they commute with all V(t). The action of the additive Fourier transform F on H1,
given in Weil [59], was derived in Section 6.
Now apply the intertwining operator WN,d(χ) to the generalized eigenfunctions
(sgn(x))k|x|−1/2+it of x ddx + 12 to obtain, formally,
WN,d(χ)((sgn(x)k)|x|−1/2+it)(a, c, z) =
√
CN,de
2πiNz
∑
n∈Z
χ(
nd
N
)(sgn(n+Nc))ke2πina|n+Nc|− 12+iτ .
in which ± = (−1)kχ(−1), and CN,d = N/φ(d). This series converges conditionally in
the critical strip 0 < ℜ(s) < 1, for non-integer values of a and c. (One may split the
sum into n ≥ 0 and n < 0 and get absolute convergence in the half-plane ℜ(s) > 1, resp.
ℜ(s) < 0.)
We use it to make the following definitions of Lerch L-function attached to HN,d(χ)
in the critical strip, as analytic functions in the s-variable.
Definition 9.1. For fixed s in 0 < ℜ(s) < 1 and non-integer a and c the Lerch
L-function L±N,d(χ, s, a, c, z) is given by
L±N,d(χ, s, a, c, z) := e
2πiNzL±N,d(χ, s, a, c), (9.1)
in which the last term is given by the conditionally convergent series,
L±N,d(χ, s, a, c) :=
∑
n∈Z
χ(
nd
N
)(sgn(n +Nc))ke2πina |n+Nc|−s. (9.2)
Here ± = (−1)k, with k = 0, 1 We also call L±N,d(χ, s, a, c) a Lerch L-function; it corre-
sponds to setting z = 0 in (9.1).
Now consider the special case N = 1, where necessarily d = 1 and χ = χ0 is the trivial
character. We have
L±1,1(χ0, s, a, c, z) = e
2πiz
(∑
n∈Z
(sgn(n+ c))ke2πina|n+ c|−s
)
= e2πizL±(s, a, c), (9.3)
where L±(s, a, c) are the Lerch functions studied in Lagarias and Li [35, Theorem 2.2],
which for ℜ(s) > 0 and (a, c) ∈ R× R are given by
L±(s, a, c) =
∑
n∈Z
(sgn(n + c))ke2πima|n+ c|−s, with (−1)k = ±.
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All Lerch L-functions can be expressed in terms of the functions L±(s, a, c) treated in
Lagarias and Li [35], as follows.
Lemma 9.2. Let χ be a (primitive or imprimitive) Dirichlet character (mod d), with
d dividing N . Then for fixed (a, c) ∈ R× R, and ℜ(s) > 1 there holds
L±N,d(χ, s, a, c, z) = e
2πiNzN−s
(
d−1∑
m=0
χ(m)e2πi(
N
d
)maL±(s,Na, c+
m
d
)
)
. (9.4)
Here we use the convention χ(r) = 0 if r is not an integer.
Proof. We have, for ℜ(s) > 1, writing n = Njd , with j ∈ Z and j = ld +m, with l ∈ Z
and 0 ≤ m ≤ d− 1, that
L±N,d(χ, s, a, c) :=
∑
n∈Z
χ(
nd
N
)(sgn(n +Nc))ke2πina |n+Nc|−s
= N−s
∑
j∈Z
χ(j)(sgn(
Nj
d
+Nc))ke2πi
Nj
d
a| j
d
+ c|−s

= N−s
(
d−1∑
m=0
χ(m)
(∑
l∈Z
(sgn(l + (
m
d
+ c))ke2πi(
m
d
+l)Na|l + (m
d
+ c)|−s
))
= N−s
(
d−1∑
m=0
χ(m)e2πi
m
d
(Na)L±(s,Na, c +
m
d
)
)
,
giving the result. 
From this lemma we deduce an analytic continuation of L±N,d(χ, s, a, c) in the s-
variable, and that these functions satisfy the ”twisted periodicity” conditions needed
to belong to HN .
Theorem 9.3. Let N 6= 0 with d|N and let χ (mod d) be a Dirichlet character.
Then for fixed (a, c) ∈ R × R the function L±N,d(χ, s, a, c) analytically continues to a
meromorphic function of s, whose only singularities are a possible simple pole at s = 0,
which may only occur if a is an integer, and a possible simple pole at s = 1, which may
only occur if c is an integer. It satisfies the “twisted periodicity” conditions
L±N,d(χ, s, a+
d
N
, c, z) = L±N,d(χ, s, a, c, z) (9.5)
L±N,d(χ, s, a , c+ 1, z) = e
−2πiNaL±N,d(χ, s, a, c, z). (9.6)
The first of these implies that
L±N,d(χ, s, a+ 1, c, z) = L
±
N,d(χ, (s, a, c, z). (9.7)
Remark. These twisted periodicity relations imply L±N,d(χ, s, a+1, c, z) = L
±
N,d(χ, s, a, c, z),
so are sufficient to make L±N,d(χ, s, a, c, z) a well-defined function on the Heisenberg nil-
manifold N3 = H(Z)\H(R).
THE LERCH ZETA FUNCTION AND THE HEISENBERG GROUP 43
Proof. The z-variable plays no role, so it suffices to prove the result for L±N,d(χ, s, a, c).
The meromorphic continuation follows from the right side of (9.4) in Lemma 9.2, using
Lagarias and Li [35, Theorem 2.2]. In fact a stronger result holds: the meromorphic
continuation as stated holds for the completed functions
Lˆ±N,d(χ, s, a, c) := γ
±(s)L±N,d(χ, s, a, c),
in which γ±(s) is the Tate gamma function, which is meromorphic and has no zeros. This
implies that L±N,d(χ, s, a, c) must have ”trivial zeros” at the appropriate set of negative
integers.
The ”twisted periodicity conditions” (9.5) and (9.6) now follow from the ”twisted
periodicity conditions” for L±(s, a, c) in [35, Theorem 2.2],
L±(s, a+ 1, c) = L±(s, a, c)
L±(s, a, c + 1) = e−2πiaL±(s, a, c)
substituted into (9.4). 
For fixed non-integer s ∈ C the Lerch L-functions L±N,d(χ, s, a, c, z) are continuous and
real-analytic on H(R) except possibly at values (a, c, z) a = lN and c =
m
N for integer l,m.
This follows from the right side of (9.4), using the fact tha L±(s, a, c) has discontinuities
only at integer values of a and c, see [35, Theorem 2.3]. In addition, for 0 < ℜ(s) < 1 the
Lerch L-functions L±N,d(χ, s, a, c, z) are locally L
1-functions on H(R), as a consequence
of the same result for L±(s, a, c), in [35, Theorem 2.4]. However for fixed s outside of
0 ≤ ℜ(s) ≤ 1 this function is not locally L1 on H(R). For this paper it is sufficient
to know these functions are analytic in the (open) critical strip 0 < ℜ(s) < 1, which is
derivable from the Dirichlet series representation above.
Note that each Lerch L-function possess a reflection symmetry
L±N,d(χ, s,−a,−c, z) = ±χ(−1)L±N,d(χ, s, a, c, z). (9.8)
This follows directly from the definition (9.1), using a change of the summation variable
from n to −n.
There are also simple rescaling relations relating Lerch L-functions at different levels
having the same Dirichlet character. The following result relates functions associated to
the Heisenberg modules HN and HN ′ , when |N |′ | N .
Theorem 9.4. Let N 6= 0 with d | N . Suppose that N ′ is a (positive or negative)
integer satisfying d | N ′ and |N |′ | |N |, Then for any Dirichlet character χ(mod d),
there holds
L±N,d(χ, s, a, c, z) = (sgn(
N
N ′
)k|N
N ′
|−sL±N ′,d(χ, s,
N
N ′
a, c,
N
N ′
z), (9.9)
where ± = (−1)k. In particular,
L±−N,d(χ, s, a, c, z) = ±L±N,d(χ, s,−a, c,−z). (9.10)
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Proof. This result parallels Lemma 5.4. For 0 < ℜ(s) < 1 the definition of Lerch L-
function, taking n˜ = Ndn , yields
L±N,d(χ, s, a, c, z) = |N |−se2πiNz
∑
n˜∈Z
χ(n˜)(sgn(N))k(sgn(
n˜
d
+ c))ke2πin˜
N
d
a | n˜
d
+ c|−s.
On the other hand,
L±N ′,d(χ, s,
N
N ′
a, c,
N
N ′
z) := e2πiN
′( N
N′
z)
∑
n∈Z
χ(
nd
N ′
)(sgn(n+N ′c))ke2πin(
N
N′
a) |n+N ′c|−s
= |N ′|−se2πiNz
∑
n˜∈Z
χ(n˜)((sgn(N ′))k(sgn(
n˜
d
+ c))ke2πin˜(
N
d
a) | n˜
d
+ c|−s.
The theorem follows for 0 < ℜ(s) < 1 on comparing these two formulae. It then holds
for all complex s by analytic continuation. 
9.2. Generalized Eigenfunctions of ∆L. The “Laplacian operator” ∆L is a left-
invariant differential operator on the Heisenberg group, given in (9.12) below. It acts
on all Heisenberg modules HN , including H0. On HN,d(χ) it can be identified with the
image of the dilation-invariant operator D = x ddx +
1
2I under the twisted Weil-Brezin
map WN,d(χ), and this permits the results of Section 5 to be applied.
For HN,d(χ) the dilation-invariant differential operator x ddx + 12 is carried to the dif-
ferential operator
∆L := WN,d(χ) ◦ (x d
dx
+
1
2
) ◦ WN,d(χ)−1
=
1
2πi
∂
∂a
∂
∂c
+Nc
∂
∂c
+
N
2
. (9.11)
This operator coincides with
∆L =
1
4πi
(XY + YX) (9.12)
in which
X :=
∂
∂a
+ c
∂
∂z
, Y :=
∂
∂c
,
are left-invariant differential operators on the (non-symmetric) Heisenberg group. This
definition of ∆L is intrinsic on the Heisenberg group H(R), and it also makes sense on
the “degenerate” Heisenberg module H0.
From the definition (9.1) one checks that for any fixed value of s with 0 < ℜ(s) < 1 the
Lerch L-functions L±N,d(χ, s, a, c, z) formally are generalized eigenfunctions of ∆L acting
on H(R), with eigenvalue −(s− 12). The eigenfunction property obviously holds for each
term separately in the expansion (9.1).) This can be rigorously justified, and extended
to all s ∈ C if one uses tempered distributions, using the notion of Lerch L-distribution
defined in Section 9.3. (Here we note that the analytically continued version of the Lerch
L-function for a fixed s ∈ C is differentiable in a and c away from the singular set where a
or c are integers, and there satisfies the eigenfunction equation with eigenvalue −(s− 12).
To get the generalized eigenfunction property at the singular set, one must use tempered
distributions.
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The linear partial differential operator ∆L has several features of a classical Laplacian
operator, but also has some differences. A classical Laplacian is a differential operator in
the center of the universal enveloping algebra of some real Lie algebra. Here the operator
∆L a left-invariant operator in the Heisenberg Lie algebra, but is not right-invariant, so
it is not in the center of the universal enveloping algebra.
In the classical SL(2) case Eisenstein series on the critical line are generalized eigen-
functions of the non-Euclidean Laplacian operator. The following result interprets Lerch
L-functions as an “Eisenstein series” in a similar sense.
Theorem 9.5. (Eisenstein Series Interpretation of Lerch L-functions)
Let N 6= 0 and d ≥ 1 with d | N .
(1) Consider the unbounded operator ∆L =
1
2πi
∂
∂a
∂
∂c+Nc
∂
∂c+
N
2 on the dense domain
DN,d(χ) :=WN,d(χ)(D) (9.13)
in the Hilbert space HN,d(χ), in which D denotes the maximal domain for D = x ∂∂x + 12I
on L2(R, dx). The operator (∆L,DN,d(χ)) commutes with all elements of the unitary
group {V(t) : t ∈ R∗}.
(2) The operator (∆L,DN,d(χ)) is skew-adjoint on HN,d(χ), and its associated spectral
multiplier function on L2( Z/2Z⊕ R, dτ) is a0(τ) = −iτ and a1(τ1) = −iτ1.
(3) The two families of Lerch L-functions L±N,d(χ,
1
2 + iτ, a, c, z), parameterize the
(pure) continuous spectrum of (∆L,DN,d(χ)) on HN,d(χ), giving a complete set of gen-
eralized eigenfunctions, as τ varies over R. All functions F (a, c, z) in the dense subspace
S(HN,d(χ)) have a convergent spectral representation
F (a, c, z) =
1
4π
∫ ∞
−∞
Fˆ+(
1
2
+ iτ)L+N,d(χ,
1
2
− iτ, a, c.z)dτ
+
1
4π
∫ ∞
−∞
Fˆ−(
1
2
+ iτ)L−N,d(χ,
1
2
− iτ, a, c.z)dτ,
in which Fˆ+(s) =M0(WN,d(χ)−1(F ))(s) and Fˆ−(s) =M1(WN,d(χ)−1(F ))(s).
Proof. The main idea of the proof is that the nice properties of the operators follow from
the property of commuting with the group of unitary dilations on a suitable dense domain
in the Hilbert space which is invariant under all the operators involved. It transforms
the problem to that of a dilation-invariant operator on L2(R, dx), viewed as a rigged
Hilbert space, with Schwartz functions S(R) as the smallest class in the triple.
(1) Using the Weil-Brezin transform we pull back the problem from each Hilbert space
Hn,D(χ) to a problem on L2(R, dx), in which the operator ∆L is transformed to x ddx + 12 .
In L2(R, dx) we take the Schwartz space S(R) as our dense domain, since the domain
S(HN,d(χ)) is the push-forward under the Weil-Brezin mapWN,d(χ) of S(R). The group
of dilation operators V(t) is pulled back to the group of dilations U(t) on L2(R, dx). The
Schwartz space S(R) is invariant under dilations, the operator D = x ddx + 12 is dilation-
invariant and preserves this this space.
(2), (3) We apply results of Burnol [17, Theorems 2.2 and 2.4] concerning dilation
invariant operators on L2[R≥0, dxx ] (the group G = R
∗
>0), which can be transferred to
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L2(R, dx) by an inverse Mellin transform identity. Applied to the operator iD it gives a
unique self-adjoint extension domain and an absolutely continuous spectral measure as
specified. These issues are discussed in Appendix B, where Proposition 12.5 supplies an
answer to both (2) and (3) for x ddx +
1
2 . 
9.3. Hecke Operator Eigenfunctions. We now characterize Lerch L-functions for
fixed s ∈ C as simultaneous generalized eigenfunctions of the set of two-variable Hecke
operators Tm,m ≥ 1. This parallels the second property of classical Eisenstein series
mentioned above. We give complete details for L±(χ0, s, a, c, z) and then sketch the
result for general Lerch L-functions.
We obtain the result using a form of the inverse Weil-Brezin map to pull back the
question from the Heisenberg group to the real line, and formalize our results in terms
of tempered distributions. The basic observation is that L±(χ0, s, a, c, z) is the formal
image under the Weil-Brezin m of the quasicharacter sgn(x)k|x|−s; we justify this for
tempered distributions when 0 < ℜ(s) < 1. Let S ′(R) denote the space of tempered
distributions, the dual space to Schwarz functions S(R), characterized as continuous
linear functionals F : S(R)→ C. We write 〈F,ϕ(x)〉 for the value of the linear functional
on ϕ(x) ∈ S(R). (Note that this scalar product is not a Hilbert space inner product; it
is linear in both arguments for complex-valued ϕ(x), and in particular is not conjugate-
linear in the second argument.) If the distribution corresponds to an L1 function then
we have
〈F,ϕ(x)〉 :=
∫ ∞
−∞
F (x)ϕ(x)dx.
For t ∈ R∗ we define a dilation action U(t) : S ′(R)→ S ′(R) by defining for a distribution
F its image U(t)(F ) by
〈U(t)(F ), ϕ(x)〉 := 〈F,U(1
t
)ϕ(x)〉 = 〈F, |t|−1/2ϕ(x
t
)〉. (9.14)
These operators satisfy U(t1t2) = U(t1) ◦ U(t2) and U(0) = I.
A multiplicative quasicharacter on R∗ has the form χ(t) = (sgn(t)k|t|s with s ∈ C,
k = 0, 1. We write χ+(t) := 1 for the trivial character and χ−(t) = sgn(t) for the sign
character. A tempered distribution ∆ is said to be homogeneous 1 with quasicharacter
χ if
U(t)(∆) = χ(t)|t|−1/2∆ for all t ∈ R∗. (9.15)
A tempered distribution ∆ is even if U(−1)(∆) = ∆ and is odd if U(−1)∆ = −∆.
Proposition 9.6. (Weil) For each quasicharacter χ(t) = (sgn(t))k|t|s on R∗ there
exists a tempered distribution ∆(x) on R having homogeneity χ. This distribution on R
is unique up to multiplication by a nonzero constant.
1Homegeneous distributions were treated by Gel’fand and Sapiro [23] and G˚arding [21]. Burnol [14,
p. 16] states that a tempered distribution ∆ has homogeneity χ if ∆(xt) = χ(x)|x|−1∆(t), i.e. if for all
Schwartz functions
∫∞
−∞
∆(t)φ(t)dt = χ(x)
∫∞
−∞
∆(t)φ(xt)dt.
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Proof. This appears in Weil [60]. Weil’s paper treats more general situations, including
homogeneous distributions on all local fields, and on adeles.
The homogeneous distributions, excluding a countable number of values of s, can
be grouped into two families ∆+s and ∆
−
s associated to |t|s and sgn(t)|t|s, respectively,
which are meromorphic in the parameter s ∈ C, in the sense that for each test function
ϕ ∈ S(R), the function
f±ϕ (s) := 〈∆±s , ϕ(x)〉 (9.16)
is a meromorphic function of s. Furthermore the functions f±ϕ (s) have at most simple
poles, which can occur only at the quasicharacters where the associated homogeneous
distribution is local, which means supported at the point {0}. Some cases of local distri-
butions are that of homogeneity χ0, where the distribution is the Dirac delta function δ0
at x = 0, and those of homogeneity |t|−2n for n ≥ 1, where the distribution is the n-th
derivative of the Dirac delta function δ
(n)
0 at x = 0.
For ℜ(s) > 0 the function x 7→ |x|s−1 is locally integrable, and we take
∆±s := (sgn(x))
k|x|s−1 with (−1)k = ±, (9.17)
where the distribution is defined by
〈∆±s , ϕ(x)〉 :=
∫ ∞
−∞
ϕ(x)(sgn(x))k|x|s−1dx. (9.18)
The distributions ∆±s form an analytic family in the region ℜ(s) > 1, and Weil showed
they analytically continue to a meromorphic family on s ∈ C. The polar divisors are
exactly the values of s where the homogeneous distribution is local, and are a subset of Z.
The Hecke operator Tχ0m (f)(x) := f(mx) when regarded as a linear operator acting
on locally integrable functions of moderate growth at ±∞ has a unique extension to a
(continuous) operator, also denoted Tχ0m , acting on tempered distributions S ′(R), defined
by
〈Tχ0m (F ), ϕ(x)〉 := 〈F, (Tχ0m )∗(ϕ)(x)〉, φ(x) ∈ S(R), (9.19)
in which
(Tχ0m )
∗(ϕ)(x) :=
1
m
m−1∑
j=0
ϕ(
x+ j
m
). (9.20)
Using Theorem 5.6 one deduces that Tχ0m = |m|−1/2U(m), where U(m) is the R∗-action
on tempered distributions given above.
Theorem 9.7. Let d ≥ 1 be an integer, and for each s ∈ C fixed, let Es be the vector
space consisting of those tempered distributions ∆ on R such that
Tχ0m (∆) = m
−s∆, for all m ≡ 1 (mod d) with m ≥ 1. (9.21)
Then Es is two-dimensional, and is independent of d. It is spanned by an even homo-
geneous tempered distribution of homogeneity |t|1−s and an odd homogeneous tempered
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distribution of homogeneity sgn(t)|t|1−s. For s 6∈ Z, these distributions can be taken to
be ∆+1−s and ∆
−
1−s, respectively.
Proof. The condition (9.21) is satisfied by homogeneous distributions of the two types,
as is evident from the relation of Tχ0m to U(m). By Proposition 9.6 these generate a two-
dimensional vector space E˜s of tempered distributions, independent of d, with E˜s ⊆ Es.
It remains to show that E˜s = Es.
Given ∆ ∈ Es, we must show that ∆ ∈ E˜s. We first show that (9.21) implies that, for
all t > 0,
U(t)(∆) = |t|−(s− 12 )∆. (9.22)
Since Tχ0m = |m|−1/2U(m), (9.21) gives
U(m)(∆) = |m|−(s− 12 )∆
for m ≡ 1 (mod d), m > 0. Letting U( 1m ) operate on both sides of this equation yields
U(
1
m
)(∆) = ms−
1
2∆.
Now
U(m1) ◦ U( 1
m2
)(∆) = U(m1)(|m2|s−
1
2∆) = (
m1
m2
)−(s−
1
2
)∆.
Thus (9.22) holds for the values {t = m1m2 : m1 ≡ m2 ≡ 1 (mod d)} which are dense in
R>0. The relation (9.22) now holds by a limiting process. Take a seqence tk =
m1,k
m2,k
with
tk → t and one has
〈U(tk)(∆), ϕ(x)〉 =
〈
|tk|−(s−
1
2
)∆, ϕ(x)
〉
→
〈
t−(s−
1
2
)∆, ϕ(x)
〉
,
while also
〈U(tk)(∆), ϕ(x)〉 = 〈∆,U( 1
tk
)ϕ(x)〉 = 〈∆, |tk|−
1
2ϕ(
x
tk
)〉
−→
k→∞ 〈∆, |t|−
1
2ϕ(
x
t
)〉
= 〈∆,U(1
t
)ϕ)(x)〉 = 〈U(t)(∆), ϕ(x)〉.
This verifies (9.22).
To complete the proof we use U(−1), which commutes with U(t)(t > 0) so that
U(t) ◦U(−1)∆ = |t|−(s− 12 )U(−1)∆.
It follows that the tempered distribution
∆+ :=
1
2
(∆ + U(−1)∆)
satisfies U(−1)(∆+) = ∆+ and, using (9.22)
U(t)∆+ = |t|−(s− 12 )∆+, all t > 0.
Thus ∆+ is a homogeneous tempered distribution with homogeneity χ(x) = |x|1−s, hence
it lies in E˜s. Similarly we find that the tempered distribution
∆− :=
1
2
(∆−U(−1)∆)
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is homogeneous with homogeneity sgn(x)|x|1−s, so also lies in E˜s. We conclude that
∆ = 12(∆
+ +∆−) ∈ E˜s.
Finally we note that ∆±1−s are even (odd) homogeneous distributions in the appropriate
spaces, as required, as long as s 6∈ Z, or more generally whenever s is not a polar value
of the meromorphic family. 
We transport the notion of tempered distribution to HN,d(χ) using the twisted Weil-
Brezin map WN,d(χ). We let S(HN,d(χ)) denote the image of the Schwartz space under
WN,d(χ). This map is one-to-one and we put the induced topology on S(HN,d(χ)).
We call the topological dual space S ′(HN,d(χ)) the space of tempered distributions on
HN,d(χ). We obtain a twisted Weil-Brezin map on tempered distributions WN,d(χ) :
S ′(R)→ S ′(HN,d(χ)) which associates to a tempered distribution ∆ ∈ S(R) a distribu-
tion WN,d(χ)♯(∆) ∈ S ′(HN,d(χ)) by the linear form〈
WN,d(χ)♯(∆),WN,d(χ)(φ)
〉
:= 〈∆, φ〉 , for all ϕ ∈ S(R).
This map is an isomorphism onto. We use the “sharp” notation to distinguish the
distribution WN,d(χ)♯(ϕ) associated to the function ϕ from the function WN,d(χ)(ϕ),
because for f ∈ L1(R, dx) one computes the linear form as〈
WN,d(χ)♯(f),WN,d(χ)(φ)
〉
:=
∫ 1
0
∫ 1
0
∫ 1
0
WN,d(χ)♯(f) · WN,d(χ)(ϕ¯)dadcdz,
Two complex conjugations appear in the last term in this integral because WN,d(χ) re-
spects the Hilbert space inner product, which is conjugate-linear in its second argument.
We define the space L1(HN,d(χ)) to be the space of locally L1-functions on H(R) which
transform according to the relations in HN,d(χ). To each function F ∈ L1(HN,d(χ))
there is naturally associated a tempered distribution in S ′(HN,d(χ)).
Definition 9.8. For arbitrary s ∈ C the Lerch L-distribution L±N,d(χ, s, a, c, z) in
HN,d(χ) is the tempered distribution WN,d(χ)(∆±1−s) in S ′(HN,d(χ)).
For fixed s in 0 < ℜ(s) < 1 the Lerch L-distribution can be identified with the Lerch
L-function L±N,d(χ, s, a, c, z), viewed as a locally L
1-function on H(R). We therefore use
the same notation for it, in an abuse of language. Note that outside 0 ≤ ℜ(s) ≤ 1 one
cannot necessarily identify the Lerch L-distribution with the (analytically continued)
Lerch L-function, since this function is not locally L1 on H(R).
Theorem 9.9. ( Hecke operator termpered distribution eigenspace) Let N be a nonzero
integer, and χ be a Dirichlet character (mod d), with d|N .
(1) For each fixed s ∈ C, let Es(HN,d(χ)) be the vector space of tempered distributions
∆ ∈ S ′(HN,d(χ)) such that
Tm(∆) = χ(m)m
−s∆, for all m ≥ 1 with (m,N) = 1. (9.23)
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Then Es(HN,d(χ)) is a two-dimensional vector space, and is spanned by an even homo-
geneous tempered distribution of homogeneity |t|1−s and an odd homogeneous tempered
distribution of homogeneity sgn(t)|t|1−s.
(2) For all non-integer s ∈ C the two Lerch L-distributions L±N,d(χ, s, a, c, z) are
nonzero even and odd homogeneous distributions spanning Es(HN,d(χ)), respectively. For
0 < ℜ(s) < 1 these two distributions are induced by the Lerch L-functions L±N,d(χ, s, a, c, z),
which both lie in L1(HN,d(χ)).
Proof. We pull the condition (9.23) back to L2(R, dx) using the map WN,d(χ)−1 acting
on tempered distributions. Any tempered distribution ∆ =WN,d(χ)(∆′) for a (unique)
tempered distribution ∆′, and the analogue of Theorem 5.6 on tempered distributions
asserts that
Tm ◦WN,d(χ)(∆′) = χ(m)WN,d(χ)(Tm(∆′)), (9.24)
provided (m, Nd ) = 1. This implies that all elements ofWN,d(χ)(Es) satisfy (9.23). In the
converse direction, if ∆ ∈ Es(HN,d(χ)) then applying WN,d(χ)−1 to (9.23) using (9.24)
yields
χ(m)Tm(∆
′) = χ(m)m−s∆′.
when (mNd = 1. For m ≡ 1 (modN) this gives
Tm(∆
′) = χ(m)m−s∆′,
and Theorem 9.7 applied with d = N establishes that ∆′ ∈ Es. We conclude that
Es(HN,d(χ)) = WN,d(χ)(Es). It follows from Theorem 9.7 that Es(HN,d(χ)) has dimen-
sion 2, and the rest of (1) follows because WN,d(χ) preserves evenness and oddness of
distributions.
This argument also establishes (2), aside from the identification of the tempered distri-
bution with the corresponding Lerch L-function when 0 < ℜ(s) < 1. The identification
follows from the property that these functions are locally L1 on the Heisenberg group.
This local L1 property can be established by extending the proof of the local L1-property
in [35, Theorem 2.4] to general Lerch L-functions. 
Remarks. (1) One can prove a similar result for the adjoint Hecke operators (Tm)
∗.
The vector space E∗s (HN,d(χ)) of tempered distributions in WN,d(χ) such that
(Tm)
∗(∆) = χ¯(m)m1−s∆, for all m ≥ 1 with (m,N) = 1,
is two-dimensional, with E∗s (HN,d(χ)) = Es(HN,d(χ)). To prove this one can use the for-
mula (Tm)
∗ = R∗ ◦Tm ◦ R together with Theorem 8.2. We use the fact that the action
of Tm is constant on HN (χ¯; e) as long as (m,N) = 1.
(2) Theorem 9.9 is analogous to a result of Milnor [46, Theorem 1], see also Lagarias
and Li [38, Theorem 5.5]. In fact Milnor’s result can be interpreted as describing simul-
taneous continuous eigenfunctions of a two-variable Hecke operator on a certain vector
subspace of the Hilbert space H0, as shown in part II.
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9.4. Generalized Lerch Functional Equations. The original Lerch zeta function
satisfies two symmetrized four-term functional equations relating s to 1 − s, given in
Weil [62, p. 57] and in Lagarias and Li [35]. Each functional equation encodes the action
of the additive Fourier transform. It can be derived from that of the homogeneous
distributions ∆±s on the real line, using the Weil-Brezin maps WN,d(χ) on tempered
distributions.
The additive Fourier transform acts on tempered distributions by 〈F(∆), ϕ〉 = 〈∆,F(ϕ)〉.
Weil [60] observed that the additive Fourier transform takes homogeneous distributions
to homogeneous distributions, with
F(∆±s ) = γ±(s)∆±1−s. (9.25)
in which γ±(s) is a certain meromorphic function of s, with the data (χ±, s) specifies
the homogeneity type of the homogeneous distribution on the left side of the equation.
This follows for 0 < ℜ(s) < 1 from the identity valid for Schwartz functions ϕ ∈ S(R),∫ ∞
−∞
F(ϕ)(x)(sgn(x))k|x|s−1dx = γ±(s)
∫ ∞
−∞
ϕ(y)(sgn(y))k|y|−sdy. (9.26)
and extends by analytic continuation to s ∈ C. We call the functions γ±(s) Tate-
Gel’fand-Graev gamma functions, following the terminology of Burnol [14], [15], who
named them after Tate [52] and Gelfand and Graev, cf. [22]. Recall that they are
γ+(s) =
π−s/2Γ( s2)
π−(1−s)/2Γ(1−s2 )
, γ−(s) = −i π
−(s+1)/2Γ(s+12 )
π−(2−s)/2Γ(2−s2 )
. (9.27)
These functions provide the necessary correction factor in a nonsymmetric form of the
local functional equation at the real place. Recall that the local Euler factor at the real
place is ΓR(s) := π
−s/2Γ( s2), and the local functional equation can be written
ΓR(s) = γ
+(s)ΓR(1− s).
Note that γ±(s)γ±(1− s) = ±1.
We next state functional equations for the Lerch L-functions expressed using the R-
operator, to relate functions at value s with functions at value 1 − s. These functional
equations are obtained by pushing the relation (9.25) forward through the Weil-Brezin
map WN,d(χ).
Theorem 9.10. (Generalized Lerch Functional Equations) Suppose that N 6= 0. Let χ
be a primitive character (mod f) and suppose that f|d and d|N , and let χ|d denote the
(generally imprimitive) character ( mod d) co-trained with χ. Then for 0 < ℜ(s) < 1 the
two Lerch L-functions L±N,d(χ|d, s, a, c, z) associated to HN,d(χ|d) satisfy the functional
equations
R(L±N,d)(χ|d, 1−s, a, c, z) = χ(−1)τ(χ)|N |s−1γ±(s)
∑
d˜|N
CN,d(d˜, χ)L
±
N,d˜
(χ¯|d˜, s, a, c, z)
 ,
(9.28)
in which Rf(a, c, z) = f(−c, a, z − ac) and γ±(s) are Tate-Gelfand-Graev gamma func-
tions, and the coefficients CN,d(d˜, χ) vanish whenever f ∤ d˜.
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Remarks. (1) The coefficients CN,d(d˜, χ) in (9.28) are those in Theorem 8.2.
(2) The restriction to 0 < ℜ(s) < 1 allows both sides of the functional equation to
be viewed as functions of four variables that are locally L1 functions on the Heisenberg
group in the (a, c, z) variables, which are continuous off the set where a or c take integer
values. Assuming the values of a and c are fixed, and are not integers, the associated
function of the variable s can be meromorphically continued from 0 < ℜ(s) < 1 to s ∈ C,
with polar divisor set contained in Z. This can be proved in a standard fashion, similar
to that in [35].
(3) The left side of (9.28) satisfies the identity
R(L±N,d)(χ|d, 1− s, a, c, z) = L±N,d(χ|d, 1− s,−c, a, z − ac)
= e−πiNacL±N,d(χ|d, 1− s, 1− c, a, z). (9.29)
This identity facilitates comparison with the functional equations given in [35], for N =
1, χ = χ0.
Proof. We assume 0 < ℜ(s) < 1 to that we can identify the homogeneous distribution
∆±s = (sgn(x))k|x|s−1 with the corresponding locally L1-function. The calculations of
the functional equation will be at the level of locally L1-functions, thus avoiding the
question of identifying distributions on different Hilbert spaces.
We push forward the local functional equation (9.25) for the homogeneous distri-
bution ∆±s through the Weil-Brezin map WN,d(χ|d) acting on tempered distributions
S(WN,d(χ|d)). We have, formally, that the tempered distribution WN,d(χ|d)(∆±s ) is
given by
WN,d(χ|d)(∆±s ) = e2πiNz
(∑
n∈Z
χ|d(nd
N
)(sgn(n+Nc))k|n+Nc|−(1−s)e2πina
)
= L±N,d(χ|d, 1− s, a, c, z).
The sum on the right is conditionally convergent for 0 < ℜ(s) < 1 but gives absolutely
convergent sums when evaluated against any test function. Now the formula of Theorem
8.2 asserts
R(WN,d(χ|d)(f)) = χ(−1) τ(χ)|N | 12
∑
d˜ | |N |
CN,d(d˜, χ) WN,d˜(χ¯|d˜)(F ◦ U(N)(f)),
which we can apply for any Schwartz function f . This yields
R(L±N,d)(χ|d, 1− s, a, c, z) = χ(−1)
τ(χ)
|N | 12
∑
d˜ | |N |
CN,d(d˜, χ) WN,d˜(χ¯|d˜)(F ◦ U(N)(∆±s ).)
(9.30)
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Next, using (9.14) we obtain U(N)(∆±s ) = |N |s−
1
2∆±s . We deduce the equality of tem-
pered distributions
WN,d˜(χ¯|d˜)
(F ◦U(N)(∆±s )) = WN,d˜(χ¯|d˜)(|N |s− 12γ±(s)∆±1−s)
= |N |s− 12 γ±(s)e2πiNz
(∑
n∈Z
χ¯|d˜(
nd˜
N
)(sgn(n+Nc))k |n+Nc|−se2πina
)
= |N |s− 12 γ±(s)L±
N,d˜
(χ¯|d˜, s, a, c, z).
Substituting this in the right side of (9.30) yields the functional equation (9.28).
The functional equations given in Theorem 9.10 typically involve several different
Lerch L-functions on their right side. They can however be reformulated as a vector-
valued functional equations for each Hilbert space HN (χ; f) in Theorem 8.3. One uses
a vector of the Lerch L-functions LN,d(χ|d, s, a, c, z) with a fixed sign ± associated to
characters χ|d indexed by the set
Σ(f, N) := {d ≥ 1 : f|d and d|N},
and relates it to Lerch L-functions associated to HN (χ¯; f). The functional equation in-
volves a matrix M(χ) whose entries are the CN,d(d˜, χ) with rows and columns indexed
by d (resp. d˜), both drawn from Σ(f, N).
Remark. The Lerch L-function (with a proper choice of sign ±) recovers the correspond-
ing Dirichlet L-function by taking a limit as (a, c) −→ (0, 0). The functional equation for
the Dirichlet L-function with a primitive character χ(mod N) is recoverable from the
functional equation of the Lerch L-function LǫN,N(χ, s, a, c, z) with ǫ = χ(−1) under this
limiting process, taking z = 0.
10. Concluding Remarks
10.1. Is the Lerch zeta function a global or a local object? The Lerch zeta func-
tion has some unusual features. One may view it as a “global” zeta function attached
to the rational field Q, in the sense that, when specialized the corners of the unit square
, it yields formally the Riemann zeta function. The Lerch L-functions in this paper,
correspondingly specialize at the corners to Dirichlet L-functions, and sometimes spe-
cialize to be identically zero. When these are nonzero, these specializations are global
L-functions.
On the other hand, the Lerch L-functions L±N,d(χ, s, a, c, z) appear to behave like a
kind of local L-function at the real place, in that Theorem 9.5 exhibits them as the
image under a Weil-Brezin map of a local homogeneous distribution at the real place.
This interpretation leads to the question whether there exist analogous constructions
of “Lerch L-functions” at other local places. The thesis of Ngo [49] gives an adelic
construction, in terms of certain zeta integrals, for local fields and globally for number
fields and function fields. In the globalization the archimedean places play a special role,
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leading to the global functions not having an Euler product. The Lerch L-functions in
(1.2) appear as global zeta integrals for particular adelic test functions.
10.2. Heisenberg modules invariant under all Hecke operators and R-operator.
One may consider the algebra AN of operators acting on HN having C-coefficients gen-
erated by the set of all two-variable Hecke operators {Tm : m ≥ 1} together with the
R-operator. This algebra is a ∗-algebra (by Theorem 4.3), which has an interesting
non-commutative structure, particularly for |N | ≥ 2. To formulate a decomposition into
subspaces of HN that are invariant under the action of the whole algebra AN we find (on
combining Theorem 5.7 with Theorem 8.3 ) that one must use a coarser decomposition
than any so far, indexed by a primitive Dirichlet character χ(mod f) together with its
contragredient χ¯, which is given by
HprimN (χ, χ¯) :=
⊕
d
f|d|N
(HN,d(χ|d)⊕HN,d(χ¯|d)) .
It might prove worthwhile to study the action of these operators on the full Hilbert space
associated to a single primitive character χ(mod f) and its contragredient, where the
level N may vary, as
Hprim(χ, χ¯) :=
⊕
N∈Zr{0}
(⊕
N
f||N|
HprimN (χ, χ¯)
)
Here one allows positive and negative N in the sum. Note that HN for positive N are
associated to holomorphic functions (theta functions) while those for negative N are
associated to anti-holomorphic functions.
10.3. xp operator and Riemann hypothesis. This paper showed that the Lerch L-
functions on the critical line are generalized eigenfunctions for a spectral decomposition
associated to the action of the dilation group V(t). In particular they are generalized
eigenfunctions for a differential operator having the form “xp” noted by Berry and Keat-
ing [8], explicitly exhibited in (9.12).
At certain limiting values of their domain variables, such as (a, c, z) = (1, 1, 0), they
yield Dirichlet L-functions, generalizing the case of the Riemann zeta function treated
in [35]. What seems noteworthy is that Dirichlet L-functions are associated with a
multiplicative structure, while Lerch L-functions embody an additive structure, coming
from the group law on the Heisenberg group. The Heisenberg group structure brings
together both the additive and multiplicative structures via a limit process.
This structure might conceivably be relevant to understanding the Riemann hypoth-
esis. Berry and Keating ([8], [9]) have suggested that suitable operators of “xp” form
might be involved in a spectral interpretation of the Riemann hypothesis. They stud-
ied 12(xp + px) which is a (formally) self-adjoint operator. The operator ∆L is of an
analogous form, although in our framework it is a (formally) skew-adjoint operator, cf
Theorem 9.5.
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10.4. Further work. A sequel ([34]), will address further points in understanding the
two-variable Hecke operators acting on the Heisenberg module L2(H(Z)\H(R)). First it
shows that all the GL(1) L-functions associated to Q (Dirichlet L- functions) do appear
directly in their traditional multiplicative guise as generalized eigenvalues rather than
as generalized eigenfunctions. Their values on the critical line then give the spectral
multiplier function for pure continuous spectra of a “zeta operator”
Z :=
1
2
 ∑
m∈Z\{0}
Tm
 , (10.1)
acting as an unbounded operator on suitable subspaces of L2(H(Z)\H(R)), namely on
HN,N (χ). Second, it treats the Hecke operator action on the “degenerate” module H0,
which completes the study of their action on HN (N 6= 0) given here. Third, it observes
that the results of Milnor [46] and of Bost and Connes [11] have an interpretation in
terms of this action restricted to certain subspaces of H0.
The results of this paper motivate further study of automorphic representations and
automorphic forms on the sub-Jacobi group HJ and related groups. Automorphic rep-
resentations over adelic nilpotent groups, including the Heisenberg group, were worked
out in 1965 by C. C. Moore [47]. There has been extensive study of automorphic forms
on the full Jacobi group, see Berndt and Schmidt [7]. However the structures considered
here have not been studied in the context of the Jacobi group. Some other points rele-
vant to an adelic treatment for the Heisenberg group are given in Haran [25, Chap. 12].
11. Appendix A. Heisenberg and sub-Jacobi Groups
We describe various matrix realizations of the (real) Heisenberg and sub-Jacobi groups.
We consider the one-parameter family of real Lie groups Gλ specified by the real
parameter λ, whose underlying elements (x, y, z) ∈ R3 with group law given by
[x1, y1, z1]λ ◦ [x2, y2, z2]λ = [x1 + x2, y1 + y2, z1 + z2 + λx1y2 + (1− λ)y1x2]λ . (11.1)
The group law λ = 0 is the nonsymmetric Heisenberg group considered in this paper,
and the case λ = 12 is the symmetric Heisenberg group. The groups Gλ are isomorphic
as real Lie groups. An explicit isomorphism αλ : G1 → Gλ is given by
αλ([x, y, z]1) = [x, y, z − (1− λ)xy]λ (11.2)
with
α−1λ ([x˜, y˜, z˜]λ) = [x˜, y˜, z˜ + (1− λ)x˜y˜]1 . (11.3)
These groups have finite-dimensional matrix representations. In terms of the param-
eter λ, the case λ = 0 has the three-dimensional (real) matrix representation
[x, y, z]0 =
 1 y z0 1 x
0 0 1
 .
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and the case λ = 1 has the three-dimensional (real) matrix representation
[x, y, z]1 =
 1 x z0 1 y
0 0 1
 .
For general λ ∈ R the groups Gλ have a 4× 4 (real) linear representation
[x, y, z]λ =

1 x y z
0 1 0 λy
0 0 1 −(1− λ)x
0 0 0 1
 . (11.4)
The symmetric Heisenberg group G1/2 has an alternative 4× 4 matrix representation in
terms of variables (p, q, z), as
[p, q, z]1/2 =:

1 p q 2z
0 1 0 q
0 0 1 −p
0 0 0 1
 . (11.5)
Certain properties of the Heisenberg group are more easily visible using the 4×4 matrix
representation. Setting G1 = H(R), G1/2 = Hsym(R) and define
Γsym(1) := α1/2(H(Z)) . (11.6)
Then
Γsym(1) :=
{
(p, q, z) : p, q ∈ Z and z ∈ 1
2
Z \ Z
if p ≡ q ≡ 1 (mod 2) and z ∈ Z otherwise
}
. (11.7)
Let F (p, q, z) : Hsym(R) → C be a function in L2(Γsym(1) \ Hsym(R)). We have the
Hilbert space decomposition
L2 (Γsym(1) \Hsym(R)) =
⊕
N∈Z
HsymN . (11.8)
The smooth functions F ∈ HsymN satisfy
F (p, q, z) = e2πiNzF (p, q, 0)
F (p+ 1, q, 0) = eπiqF (p, q, 0)
F (p, q + 1, 0) = e−πipF (p, q, 0) . (11.9)
The Hilbert space inner product on HsymN is
〈F,G〉 =
∫ 1
0
∫ 1
0
∫ 1
0
F (p, q, z)G(p, q, z)dpdqdz . (11.10)
There is a Hilbert space isomorphism α∗1/2 : HN → HsymN which sends a smooth function
F (a, c, w) in HN to the smooth function
F˜ (p, q, z) = F
(
p, q, z − 1
2
pq
)
= eπiNpqF (p, q, z) . (11.11)
in HsymN .
We now consider matrix versions the sub-Jacobi groupHJ(R) treated in Section 7 This
is an extension HJ(R) of the Heisenberg group G1(R) by R
∗
>0. It is a four-dimensional
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exponential solvable Lie group, and is unimodular. The Haar measure is dµ = dtt da dc dz.
In Section 7 we observed that it has a 4× 4 matrix representation, given by , for t > 0,
[c, a, z, t] =

1 c a z
0 t 0 ta
0 0 1t 0
0 0 0 1
 (11.12)
A symmetrized form of this group action is
[c, a, z, t] =

1 c a z
0 t 0 ta
0 0 1t −1t c
0 0 0 1
 . (11.13)
The latter group multiplication does not coincide with (11.12), but the resulting groups
are isomorphic as Lie groups. Using the change of variable t = eu, we can view this
solvable group as being homeomorphic to R4, with variables (u, a, c, z) and Haar measure
dµ′ := du da dc dz.
The universal enveloping algebra of the sub-Jacobi group has a two-dimensional center.
One generator is the vector field ∂∂z associated with the center of the Heisenberg Lie
algebra. The other generator is a second order differential operator which is a “lift” of
the Heisenberg operator
∆L :=
1
2πi
∂
∂a
∂
∂c
+ c
∂
∂c
∂
∂z
+
1
2
∂
∂z
.
The sub-Jacobi group is a subgroup of the Jacobi group, viewed in its 4 × 4 matrix
representation, contained inside SL(4,R).
12. Appendix B. The Dilation-Invariant Operator x ddx +
1
2
This appendix gives results on (unbounded) operators on a Hilbert space that commute
with the action of a locally compact Lie group G due to Burnol [17], [18],. We apply
it to the group of dilations G = R∗ and the operator x ddx +
1
2 acting inside L
2(R, dx) .
Burnol’s work was originally done to understand invariances of the “explicit formula” in
prime number theory ([14], [15], [16]), which includes this case.
12.1. Operators Commuting with a Locally Compact Group Action. Let G be
a locally compact abelian group and Gˆ be its dual group of unitary characters. There is
a two-sided Haar measure dg on G unique up to a multiplicative constant, and there is
a dual Haar measure dχ on Gˆ such that the G-Fourier transform
FG(ϕ)(χ) :=
∫
G
ϕ(g)χ(g)dg
is an isometry from L2(G, dg) to L2(Gˆ, dχ). The group action U(g)f(x) = f(xg) on
L2(G, dg) consists of unitary operators. We consider (possibly unbounded) operators
that respect the group action.
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Definition 12.1. (1) A (possibly unbounded) operator M with dense domain D on a
separable Hilbert space H is said to commute with a bounded operator A on H if A
maps D into D and
M(Av) = A(Mv), for all v ∈ D. (12.1)
(2) Let G be a locally compact group, with (left) Haar measure dg. A (possibly
unbounded) operator M with dense domain D on L2(G, dg) is said to commute with G if
it commutes with all unitary operators {U(g) : g ∈ G}, given by U(g)(f)(h) := f(hg).
If G is a locally compact abelian group, then the closed operators that commute with
G can be characterized as multiplication operators on Gˆ, as follows. Let a(χ) denote
a Borel-measurable function on Gˆ, not necessarily bounded. Let Da ⊂ L2(G, dg) be
the domain of (equivalence-classes of) square-integrable functions ϕ(g) on G such that
a(χ)FG(ϕ)(χ) belongs to L2(Gˆ, dχ). Let (M˜a,Da) denote the (possibly unbounded)
closed operator on L2(G, dg) with domain Da acting by M˜a(ϕ) := F−1G ◦Ma ◦ FG(ϕ).
where Ma is the multiplication operator by a(χ) on L
2(Gˆ, dχ). We call a(χ) its associated
spectral multiplier function. In the case G = R∗ for a closed dilation-invariant operator
T we use the alternate notations a0(τ, T ), a1(τ, T ) (−∞ < τ <∞) or just a0(τ), a1(τ) to
denote the spectral multiplier functions associated to the characters |y|iτ and sgn(y)|y|iτ ,
respectively.
Proposition 12.2. (Burnol) Let G be a locally compact abelian group with two-sided
Haar measure dg.
(1) For each measurable function a(χ) on Gˆ the (spectral) multiplication operator
(M˜a,Da) on L2(G, dg) is closed, has Da as a dense domain, and commutes with G. If
(M˜b,Db) extends (M˜a,Da), then a(χ) = b(χ) (up to sets of measure zero) and (M˜b,Db) =
(M˜a,Da). The adjoint of (M˜a,Da) is (M˜a¯,Da¯), with Da¯ = Da.
(2) Suppose that (M,D) is a (possibly unbounded) operator with dense domain in
L2(G, dg) which is closed and commutes with the elements of G. Then (M,D) ≡ (M˜a,Da)
for a measurable function a(χ) on Gˆ, which is unique up to a set of measure zero.
(3) The operator (M˜a,Da) is bounded if and only if a(χ) is essentially bounded.
(4) The adjoint of the operator (M˜a,Da) is (M˜a¯,Da¯), with Da¯ = Da. It is self-adjoint
if and only if a(χ) is (essentially) real-valued.
Proof. (1) This is Lemma 2.3 in Burnol [17].
(2) This is Theorem 2.4 in Burnol [17].
(3) This follows from the definition of the domain Da.
(4) This is part of Lemma 2.3 in Burnol [17]. 
We next recall another result of Burnol in which the domain D is not maximal.
Proposition 12.3. (Burnol) Let G be a locally compact abelian group with two-sided
Haar measure dg. Suppose that (M,D) is a (possibly unbounded) operator with a dense
domain in L2(G, dg) which is symmetric and commutes with G. Then (M,D) is essen-
tially self-adjoint, and if it is closed then it is self-adjoint.
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Proof. This is Corollary 2.6 in Burnol [17]. The closure of such an operator is a spectral
multiplication operator, with a real-valued multiplier function a(χ), by Proposition 12.2.

12.2. Spectral Decomposition of Dilation-Invariant Operators on L2(R, dx). We
now specialize to the case of the dilation group (G, dg) ≡ (R∗, dy|y|).
Its unitary dual Ĝ := R̂∗ consists of two one-parameter families of unitary characters,
χ+τ (t) = |t|iτ and χ−τ (t) = sgn(t)|t|iτ , with τ ∈ R, and can be identified with Ĝ =
R⊕Z/2Z. The corresponding Fourier transform FG is a variant of the Mellin transform,
which uses the two-sided Mellin transforms, given for k = 0, 1 by
Mk(f)(s) :=
∫
R∗
f(t)(sgn(t))k|t|s dt|t| . (12.2)
The transform is as follows.
Lemma 12.4. The Mellin transform integrals Mk(f)(s) are well-defined for Schwartz
functions f(t) on R∗ on the imaginary axis s ∈ iR and the map
f(t) ∈ S(R∗) 7−→ FG(τ) := (M0(f)(iτ),M1(f)(iτ)) .
extends to an isometry FG : L2(R∗, dy|y|)→ L2(R̂∗, dχ) where
L2(R̂∗, dχ) ≡ L2(R⊕ Z/2Z, dτ
2
√
2π
)
corresponds to the action of the Mellin transform on the imaginary axis.
Now consider a closed dilation-invariant operator M on L2(R∗, dx|x|). We use a special
notation for the spectral multiplier functions a(χ) above of such a function We write
them as two families a0(τ,M), a1(τ,M) (−∞ < τ < ∞), or just a0(τ), a1(τ) when M is
understood, associated to the characters |y|iτ and sgn(y)|y|iτ , respectively.
These results for L2(R∗, dy|y|) carry over to L
2(R, dx) with the action U(t)(f)(x) =
|t| 12 f(tx), using the (inverse of the) isometry ϕ : L2(R, dx) → L2(R∗, dy|y|) given by
f(x) 7−→ ϕ(f)(y) := |y|1/2f(y). Operators on L2(R, dx) that commute with the uni-
tary operators U(t) push forward to operators on L2(R∗, dy|y|) that commute with the
R∗-action.
The isometry
FG ◦ ϕ : L2(R, dx)→ L2(R⊕ Z/2Z, dτ
2
√
2π
)
has an inverse given by an integral formula (inverse Mellin transform) for all sufficiently
nice functions f(x) ∈ L2(R, dx). For Schwartz functions f(x) ∈ S(R) the inversion
formula is
f(x) =
∫ ∞
−∞
M0(f)(1
2
+ iτ)|x|− 12−iτ dτ
2
√
2π
+
∫ ∞
−∞
M1(f)(1
2
+ iτ)sgn(x)|x|− 12−iτ dτ
2
√
2π
.
In part II we will tabulate spectral multiplier functions for various dilation-invariant
operators on HN,d(χ). The dilation operators on HN,d(χ) are V(t) := WN,d(χ) ◦ U(t) ◦
WN,d(χ)−1. Note that the reflection operator
R2(F )(a, c, z) := F (−a,−c, z)
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has R2 = V(−1) = χ(−1)T−1, and its spectral multiplier function is a0(τ) ≡ 1, a1(τ) ≡
−1.
12.3. Continuous spectrum for x ddx +
1
2 on L
2(R, dx). Proposition 12.2 specifies for
each unbounded operator above a (maximal) domain on which is it closed and commutes
with R∗. For some purposes it is useful to have a smaller dense domain Φ which is left
invariant by the operator, with the maximal domain being recoverable by taking the
closure of this operator. This is relevant in describing continuous spectra, which fall
outside the Hilbert space. Continuous spectra can sometimes be described as generalized
functions (distributions), using the dense domain Φ as a space of allowed test functions.
We recall that a rigged Hilbert space (or Gelfand triple) consists of (Φ,H,Φ′) in which
Φ is a dense vector subspace of a separable Hilbert space H endowed with a Frechet
topology finer than the Hilbert space topology, and Φ′ is the dual space to Φ, viewed as
a space of generalized functions so that one has the inclusions Φ ⊂ H ⊂ Φ′. The original
definition requires that Φ be a nuclear space in the sense of Grothendieck and we impose
this requirement, although some authors do not, e.g. Wickramasehara and Bohm [63],
[64]. (In the physics literature, such as [63] the space Φ′ is a space of conjugate-linear
functionals, rather than linear functionals as in our definition.)
For the dilation invariant operator D = x ddx +
1
2 on H = L2(R, dx) we take Φ = S(R),
one natural domain is the Schwartz space with its Fre´chet topology, in which case Φ′ =
S ′(R) is the space of tempered distributions. The Schwartz space is relevant because it is
the space of smooth vectors for the Schro¨dinger representation of the Heisenberg group
acting on L2(R, dx), see Howe [27], [28, p. 827]. The Schwartz space is invariant under all
dilations {U(t) : t ∈ R}, under the Fourier transform F and under additive translations
T(t)f(x) = f(x+ t). However it is not invariant under the inversion If(x) = 1|x|f(
1
x), or
under the modified Poisson operator P or the co-Poisson operator P ′. For the dilation-
invariant differential operator D = x ddx +
1
2 with this domain we have the following
facts.
Proposition 12.5. (1) The operator D = x ddx +
1
2 leaves the domain S(R) invariant,
and on this domain it is essentially skew-adjoint.
(2) It has a purely absolutely continuous spectrum, with generalized eigenfunctions
fk,τ (x) parametrized by (k, τ) ∈ Z/2Z ⊕R, as
f0,τ (x) = |x|− 12+iτ , f11,τ (x) = sgn(x)|x|−
1
2
+iτ ,
viewed as tempered distributions. The spectral measure is dτ
2
√
2π
on both real components
of the continuous spectrum, with spectral multiplier functions
a0(τ) = −iτ and a1(τ) = −iτ.
(3) For all elements f(x) ∈ S(R) the following two formulae converge absolutely:
f(x) =
∫ ∞
−∞
M0(f)(1
2
+ iτ)|x|− 12−iτ dτ
2
√
2π
+
∫ ∞
−∞
M1(f)(1
2
+ iτ)sgn(x)|x|− 12−iτ dτ
2
√
2π
,
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and
Df(x) = −
∫ ∞
−∞
iτM0(f)(1
2
+iτ)|x|− 12−iτ dτ
2
√
2π
−
∫ ∞
−∞
iτM1(f)(1
2
+iτ))sgn(x)|x|− 12−iτ dτ
2
√
2π
,
Proof. The Schwartz space is a nuclear Fre´chet space with its usual topology using
seminorms, and the result on self-adjointness and continuous spectrum follows from the
Nuclear Spectral theorem of Gel’fand-Maurin (Gelfand and Vilenkin [24], Maurin [42],
see Bohm and Gadella [10, p. 25]) applied to the operator iD.
The first formula is the inverse Mellin transform, separated into even and odd function
parts. (The scaling factor in the measure divides by an extra factor of 2 coming from the
definition of Mj integrating over the whole real line.) The second formula identifies the
spectral multipliers and is obtained by differentiating the first formula under the integral
sign. 
References
[1] M. Abramowitz and L. A. Stegun, Handbook of Mathematical Functions, U. S. Govt. Printing Office
1964.
[2] T. M. Apostol, Introduction to Analytic Number Theory, Springer-Verlag: New York 1976.
[3] L. Auslander, Lecture Notes on Nil-Theta Functions, CBMS Lectures No. 34, AMS: Providence, RI
1977.
[4] L. Auslander and J. Brezin, Translation invariant subspaces in L2 of a compact nilmanifold I, Invent.
Math. 20 (1973), 1–14.
[5] L. Auslander and R. Tolimieri, Abelian harmonic analysis, theta functions and functions algebras
on a nilmanifold, Lecture Notes in Math. vol. 436, Springer-Verlag: Berlin 1975.
[6] L. Auslander and R. Tolimieri, Nilpotent groups and abelian varieties, in: Harmonic analysis and
group representations, Liguori: Naples 1982, pp. 5–47.
[7] R. Berndt and R. Schmidt, Elements of the Representation Theory of the Jacobi Group, Birha¨user:
Boston 1998.
[8] M. Berry and J. P. Keating, H = xp and the Riemann Zeros, in: Supersymmetry and Trace For-
mulae, Chaos and Disorder, (I. V. Lerner, J. P. Keating and D. E. Khmelnitskii, Eds.), NATO ASI
Series B: Physics Vol. 370, Kluwer Academic/Plenum Pub. New York 1999, pp. 355–367.
[9] M. Berry and J. P. Keating, The Riemann zeros and eigenvalue asymptotics, SIAM Review 41
(1999), 236–266.
[10] A. Bohm and M. Gadella, Dirac Kets, Gamow Vectors and Gel’fand Triplets, Lecture Notes in
Physics No. 348, Springer-Verlag: Berlin 1989.
[11] J. B. Bost and A. Connes, Hecke Algebras, Type III Factors and Phase Transitions with Spontaneous
Symmetry Breaking in Number Theory, Selecta Math. 3 (1995), 411–457.
[12] J. Brezin, Harmonic analysis on nilmanifolds, Trans. Amer. Math. Soc. 150 (1970), 611–618.
[13] J. Brezin, Function theory on metabelian solvmanifolds, J. Funct. Anal. 10 (1972), 33–51.
[14] J.-F. Burnol, The explicit formula in simple terms, eprint: arXiv math.NT/9810169, 22 Nov 1998.
[15] J.-F. Burnol, The explicit formula and the conductor operator, eprint: math.NT/9902080 v1, 13 Feb
1999.
[16] J.-F. Burnol, Sur les Formules Explicites I: analyse invariante, C. R. Acad. Sci. Paris, Se´rie I, 331
(2000), 423–428.
[17] J.-F. Burnol, Quaternionic gamma functions and their logarithmic derivatives as spectral functions,
Math. Research Letters 8 (2001), No. 1-2, 209–223.
[18] J.-F. Burnol, On Fourier and Zeta(s), Forum Math. 16 (2004), 789–840.
[19] L. Corwin and F. P. Greenleaf, Representations of nilpotent Lie groups and their applications, Part
I: Basic theory and examples, Cambridge studies in advanced math. 18, Cambridge Univ. Press:
Cambridge 1990.
[20] G. B. Folland, Compact Heisenberg manifolds as CR manifolds, J. Geom. Anal. 14 (2004), 521–532.
[21] L. G˚arding, Transformation de Fourier des distributions homoge`nes, Bull. Soc. Math. France 89
(1961), 381–428.
62 JEFFREY C. LAGARIAS
[22] I. M. Gel’fand, M. I. Graev, and I. I. Piatetskii-Shapiro, Representation Theory and Automorphic
Functions, Saunders: Philadelphia 1969.
[23] I. M. Gel’fand and Z. Ya. Sapiro, Homogeneous functions and their extensions, Uspekhi Mat. Nauk.
(N. S.) 10 (1955), 3–70.
[24] I. M. Gel’fand and N. J. Vilenkin, Generalized functions. Vol. 4. Some applications of harmonic
analysis (Russian), Fizmatgiz, Moscow 1961. [English Translation: Academic Press, New York 1964.]
[25] M. J. Shai Haran, The Mysteries of the Real Prime, Oxford U. Press: Oxford 2001.
[26] H. Hasse, Vorlesungen u¨ber Zahlentheorie, 2-nd Edition, Springer-Verlag: Berlin 1964.
[27] R. Howe, Quantum mechanics and partial differential equations, J. Funct. Anal. 38 (1980), 188–254.
[28] R. Howe, On the role of the Heisenberg group in harmonic analysis, Bull. Amer. Math. Soc. (New
Series) 3 (1980), 821–843.
[29] A. J. E. M. Janssen, Bargmann transform, Zak transform and coherent states, J. Math. Phys. 23
(1982), 720–731.
[30] A. J. E. M. Janssen, The Zak Transform: A Signal Transform for Sampled Time-Continuous Signals,
Philips J. Res. 43 (1988), 23–69.
[31] H. Joris, On the evaluation of Gaussian sums for non-primitive Dirichlet characters, Enseign. Math.
23 (1977), 13–18.
[32] A Kora´nyi, Hp-spaces on compact nilmanifolds, Acta. Sci. Math. (Szeged) 34 (1973), 175–190.
[33] J. C. Lagarias, The Lerch zeta function V: Complex variable Hecke operators, in preparation
[34] J. C. Lagarias, The Lerch zeta function and the Heisenberg group II, in preparation.
[35] J. C. Lagarias and W.-C. W. Li, The Lerch zeta function I. Zeta integrals, Forum Math. 24 (2012),
1–48.
[36] J. C. Lagarias and W.-C. W. Li, The Lerch zeta function II. Analytic continuation, Forum Math.,
24 (2012), 49-86.
[37] J. C. Lagarias and W.-C. W. Li, The Lerch zeta function III. Polylogarithms and special values,
Research in the Mathematical Sciences, (2016), 3:2, 54 pages.
[38] J. C. Lagarias and W.-C. W. Li, The Lerch zeta function IV. Hecke operators, Research in the
Mathematical Sciences, to appear. arXiv:1511.08116.
[39] E. Lamprecht, Allgemeine theorie der Gausschen Summen in endlichen commutativen Ringen, Math.
Nachr. 9 (1953), 149–196.
[40] E. Lamprecht, Struktur und Relationen allgemeinen Gausschen Summen in endlichen Ringen I, II,
J. Reine Angew. Math. 197 (1959), 1–26, 27–48
[41] M. Lerch, Note sur la fonction R(w, x, s) =
∑∞
k=0
e2kpiix
(w+k)s
, Acta Math. 11 (1887), 19–24.
[42] R. L. Maurin, Methods of Hilbert Spaces, PWN: Polish Scientific Publishers, 1972.
[43] R. O. de Mello and V. O. Rivelles, The irreducible unitary representations of the extended Poincare
group in (1+1) Dimensions, J. Math. Phys. 45 (2004), no. 3, 1156–1167.
[44] R. Meyer, A spectral interpretation for the zeros of the Riemann zeta function, Math. Inst.
Go¨ttingen: Seminars Winter-Term 2004–2005, pp. 117–137, Go¨ttingen 2005.
[45] R. Meyer, On a repesentation of the idele class group related to primes and zeros on L-functions,
Duke Math. J. 127 (2005), 519–595.
[46] J. Milnor, On polylogarithms, the Hurwitz zeta function, and the Kubert identities, Enseign. Math.
29 (1983), 281–322.
[47] C. C. Moore, Decomposition of unitary representations defined by discrete subgroups of nilpotent
groups, Ann. Math. 82 (1965), 146–182.
[48] J. Nemchenok, Imprimitive Gaussian sums and theta functions over a number field, Trans. Amer.
Math. Soc. 338 (1993), 465–478.
[49] Hieu T. Ngo, Generalizations of the Lerch zeta function, PhD. thesis, University of Michigan 2014.
[50] R. Ponge, Heisenberg calculus and spectral theory of hypoelliptic operators on Heisenberg manifolds,
Mem. Amer. Math. Soc., 194 (2008), no. 906, viii + 134pp.
[51] R. S. Strichartz, Lp-harmonic analysis and Radon transforms on the Heisenberg group, J. Funct.
Anal. 96 (1991), no. 2, 350–406.
[52] J. Tate, Fourier Analysis in Number Fields and Hecke’s Zeta Functions, Thesis: Princeton 1950.
Reprinted in: Algebraic Number Theory, (J. W. S. Cassels and A. Fro¨hlich, Eds.), Academic Press:
London 1967, pp. 305–347.
[53] S. Thangavelu, Harmonic Analysis on the Heisenberg Group, Progress in Math. 159, Birkha¨user:
Boston, Inc. Boston 1998.
[54] S. Thangavelu, Harmonic analysis on Heisenberg nilmanifolds, Revista de la Unio´n Mathema´tica
Argentina 50 (2009), 75–93.
THE LERCH ZETA FUNCTION AND THE HEISENBERG GROUP 63
[55] E. C. Titchmarsh, The Theory of the Riemann Zeta Function, Second Edition. Revised by D. R.
Heath-Brown, Oxford Univ. Press 1986.
[56] R. Tolimieri, The theta transform on the Heisenberg group, J. Funct. Anal. 24 (1977), 353–363.
[57] R. Tolimieri, Analysis on the Heisenberg manifold, Trans. Amer. Math. Soc. 288 (1977), 329–343.
[58] R. Tolimieri, Heisenberg manifolds and theta functions, Trans. Amer. Math. Soc. 289 (1978) 293–
319.
[59] A. Weil, Sur certaines groupes d’operateurs unitaires, Acta Math. 111 (1964), 143–211.
[60] A. Weil, Fonctions zeˆta et distributions, Seminar Bourbaki, No. 312, juin 1966. Reprinted in: Col-
lected Papers, Vol. III, Springer-Verlag: New York 1979, pp. 158–164.
[61] A. Weil, Sur les formules explicites de la the´orie des nombres, Izv. Mat. Nauk SSSR (Ser. Mat.)
36 (1972), 3–18. Reprinted in: Collected Papers, Vol. III, Springer-Verlag: New York 1979, pp.
249–264.
[62] A. Weil, Elliptic Functions according to Eisenstein and Kronecker, Springer-Verlag, New York 1976.
[63] S. Wickramasekhara and A. Bohm, Symmetry representations in the rigged Hilbert space formula-
tion of quantum mechanics, J. Phys. A. Math. Gen. 35 (2002), no. 3, 807–829.
[64] S. Wickramasekhara and A. Bohm, Representation of semigroups in rigged Hilbert spaces: subsemi-
groups of the Weyl-Heisenberg group, J. Math. Phys. 44 (2003), no. 2, 930–942.
[65] J. Zak, Finite translations in solid-state physics, Phys. Rev. Lett. 19 (167), 1385–1387.
[66] J. Zak, Dynamics of electrons in solids in external fields, Phys. Rev. 168 (1968), 686–695.
Department of Mathematics, University of Michigan, Ann Arbor, MI 48109-1043,USA
E-mail address: lagarias@umich.edu
